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AN INEXACT AUGMENTED LAGRANGIAN METHOD FOR SECOND-ORDER
CONE PROGRAMMING WITH APPLICATIONS

LING LIANG * DEFENG SUN f, AND KIM-CHUAN TOH *

Abstract. In this paper, we adopt the augmented Lagrangian method (ALM) to solve convex quadratic second-
order cone programming problems (SOCPs). Fruitful results on the efficiency of the ALM have been established
in the literature. Recently, it has been shown in [Cui, Sun, and Toh, Math. Program., 178 (2019), pp. 381-415]
that if the quadratic growth condition holds at an optimal solution for the dual problem, then the KKT residual
converges to zero R-superlinearly when the ALM is applied to the primal problem. Moreover, Cui, Ding, and Zhao
[SIAM J. Optim., 277 (2017), pp. 2332-2355] provided sufficient conditions for the quadratic growth condition to hold
under the metric subregularity and bounded linear regularity conditions for solving composite matrix optimization
problems involving spectral functions. Here, we adopt these recent ideas to analyze the convergence properties of
the ALM when applied to SOCPs. To the best of our knowledge, no similar work has been done for SOCPs so far.
In our paper, we first provide sufficient conditions to ensure the quadratic growth condition for SOCPs. With these
elegant theoretical guarantees, we then design an SOCP solver and apply it to solve various classes of SOCPs, such
as minimal enclosing ball problems, classical trust-region subproblems, square-root Lasso problems, and DIMACS
Challenge problems. Numerical results show that the proposed ALM based solver is efficient and robust compared
to the existing highly developed solvers, such as Mosek and SDPT3.

Key words. second-order cone programming, augmented Lagrangian method, quadratic growth condition,
trust-region subproblem, minimal enclosing ball problem, square-root Lasso problem

AMS subject classifications. 90C06, 90C22, 90C25

1. Introduction. Denote the standard d-dimensional second-order cone (also called ice
cream cone or Lorentz cone) in R? (d > 1) as

K :={z = (zo,2:)" € Rx R |29 > [lze]| }.
Let /C be the Cartesian product of r second-order cones, i.e.,
K=K" x..-x " CR",

where n = ny + - - - + n,.. In this paper, we consider the following convex quadratic second-
order cone programs (SOCPs)

. 1
(P) min  fO(z) := S (x1, Hz1) — (b, x2) + Ok (3)
r=(z1;22;23) 2
s.t. —Hzy + A2y 4+ 23 = ¢, 71 € Ran (H) CR", 23 € R, 23 € R",

where I € S7 (the cone of n X n symmetric positive semidefinite matrices) and A €
R™*™ are given matrices, Ran(H ) denotes the range space of H, ¢ € R™ and b € R™ are
given vectors, and dx () is the indicator function for the symmetric cone C. In the above,
(z1; x2; x3) denotes the concatenation of the vectors x1, x2, x3. For notational simplicity, we
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denote X := Ran(H) x R™ x R™ for the rest of this paper. The dual problem associated
with (P) is given by

(D) max 9°(y) = *%(y, Hy) — (¢, y) — x(y)

st. Ay=0b, y e R".

We should mention that in this paper, our naming convention of the primal and dual problems
is opposite of the convention adopted in the interior-point methods (IPMs) literature.

Let SOLp and SOLp be the solution sets of (P) and (D), respectively. The KKT opti-
mality condition for (P) and (D) is given as follows:

(11) —Hz1+ATzg+a3=c, Ay—b=0, H(zy—y)=0, Koz3 Lyek.

We assume for the rest of this paper that the KKT condition (1.1) admits at least one solution.
Under this assumption, it is well known that (Z, 7) solves the KKT condition (1.1) if and only
if £ € SOLp and § € SOLp.

Note that problems (P) and (D) cover the standard primal and dual linear SOCP prob-
lems by simply dropping the quadratic term in the objective function, respectively. One may
also observe that problem (P) or (D) can be reformulated as a linear SOCP with additional
affine and rotated quadratic cone constraints. To explain the procedure, we consider problem
(D) as an illustrative example. Recall that a d-dimensional (d > 3) rotated quadratic cone is
defined by

Icg = {CC: ('rlv':c?)"' ,I'd) ERd | 2:61:172 Z:C§++I§7 T1,T2 ZO}

From the positive semidefiniteness of H, there exists R € RF*™ with k := rank(H) < n,
such that H = R R and hence we can rewrite problem (D) as

min {t + (c, y) } Ay=b, ye K, |Ry|> <2t b
y,t

Observe that the constraint | Ry||® < 2t is equivalent to (¢, 1, Ry) € K5+2. Therefore, (D)
can be reformulated as

(1.2) n;lin {t+<c, Y) ’Ay:b, Ry—2=0,s=1,yek, (t,s,z)Eleﬂ}.
y,t,8,2

From the constraints in (1.2), we can infer the following potential disadvantages for trans-
forming the quadratic term in the objective into the constraints: (1) One needs to introduce
an affine constraint with coefficient matrix of size (k + 1) x (n + k + 2). Thus, when &
is large, this additional affine constraint will increase the difficulty of computing the search
direction (e.g., when an IPM is used, one needs to solve a large linear system to compute the
Newton direction). (2) Introducing the extra variables (y, z, s) naturally would increase the
computational complexity in solving the problem. (3) The factorization H = R R to begin
with can be expensive to compute. The above disadvantages have motivated us to deal with
(P) and (D) directly.

Optimization problems with second-order cone constraints have been studied for quite a
long time and still receive constant attention to date. There is a large body of literature on the
topic. For comprehensive surveys and numerous important applications of SOCPs, we refer
the reader to [1, 22, 25] and references therein. Here, we mention some recent literature in
the next three paragraphs to capture the main research topics on SOCPs.
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Optimization problems with second-order cone constraints are of great interest theoreti-
cally due to their nonpolyhedral nature. In fact, theoretical results on variational analysis for
SOCPs have been well developed. For example, Bonnans and Ramirez C. [8] performed rig-
orous and systematic perturbation analysis for nonlinear SOCPs. Outrata and Sun [33] then
computed the limiting (Mordukhovich) coderivative of the metric projection onto a second-
order cone, which can be used to provide a sufficient condition for the Aubin property of the
solution map of a complementarity problem as well as to derive certain necessary optimality
conditions. Very recently, Hang Mordukhovich, and Sarabi [17] conducted a second-order
variational analysis for SOCPs without imposing any nondegeneracy assumptions.

The importance of SOCPs comes from their modeling power. Indeed, applications of
SOCPs have grown dramatically over the years in engineering, control, management science,
and statistics; see for instance [4, 6, 16, 27, 30, 39, 43, 47]. As illustrative examples, we
consider minimal enclosing ball problems [47], classical trust-region subproblems [30] and
square-root Lasso problems [6] in this paper.

As driven by the needs in applications, many algorithms have also been developed for
solving SOCPs. Among them, the most well-developed ones are IPMs. In particular, primal-
dual IPMs have been shown to have superior theoretical and practical efficiency, and they are
widely used to solve SOCPs to high precision. For references on primal-dual IPMs for solving
SOCPs, we recommend [2, 9, 29, 31, 32, 44]. However, IPMs are sometimes not scalable for
large-scale problems due to the high expense needed to solve the large linear system of equa-
tions in each iteration. Besides [PMs, smoothing Newton methods [10, 15] and semismooth
Newton methods [21] have also been applied to solve the KKT system directly. However,
limited numerical implementations and experiments were conducted in these works. There-
fore, the practical performance of these algorithms remains unclear. Finally, the augmented
Lagrangian method (ALM) has also been applied to general nonlinear programming prob-
lems with the second-order cone constraint in [18, 24]. Both papers focus on analyzing the
local fast convergence rate of the ALM under some strong conditions, such as the uniform
second-order growth condition and the second-order sufficient condition, but with different
approaches. Nevertheless, the practical performance of the ALM is not considered in both
works. Therefore, the contributions in [18, 24] are mainly on the theoretical development.

Continuing the research theme on algorithmic development just mentioned above, the
present paper aims to design a highly efficient and scalable algorithm for solving large-scale
SOCPs. Our algorithmic design is motivated by the recent success in developing an ALM
framework for solving semidefinite programming (SDP) problems. Specifically, in [46], an
inexact ALM combined with a semismooth Newton method has been shown to be highly ef-
ficient and scalable for solving large-scale SDP problems. Thus, it is natural for us to apply
a similar ALM framework to solve SOCPs directly. Note that this ALM framework, together
with its convergence analysis, is well established based on the theoretical work of Rockafel-
lar [35, 36]. Along this line, various papers (see, e.g., [12, 26]) have extended Rockafellar’s
work by relaxing some restrictive conditions for convergence. For instance, Cui, Sun, and
Toh [12] showed recently that under the calmness condition for the dual solution mapping
(equivalently, the quadratic growth condition for the dual problem), the ALM applied to a
primal convex composite conic programming problem has an asymptotic R-superlinear con-
vergence rate in term of the KKT residual. Moreover, Cui, Ding, and Zhao [11] showed that
under the metric subregularity and bounded linear regularity conditions, the quadratic growth
condition can be guaranteed for matrix optimization problems involving symmetric spectral
functions. Therefore, we can borrow these ideas to establish the fast convergence rate of the
ALM when applied to SOCPs. To the best of our knowledge, no such work has been done for
SOCPs so far.

Our contributions in this paper can thus be summarized as follows:
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e Theoretically, we provide sufficient conditions for ensuring the quadratic growth
condition for the dual problem (D) under the bounded linear regularity condition
and the metric subregularity condition. In particular, we revisit the fact that if a
strictly complementary solution exists, then the quadratic growth condition holds
for problem (D). Thus, sufficient conditions for the R-superlinear convergence of
the KKT residual generated by the ALM can also be obtained.

e Numerically, we develop a highly efficient and robust SOCP solver for large-scale
SOCPs. Our numerical results show that the solver is comparable to existing state-
of-the-art linear SOCP solvers, such as the highly powerful commercial solver Mosek]j
and the efficient open source solver SDPT3, when solving some large-scale linear
SOCPs. More specifically, we apply our SOCP solver to solve minimal enclosing
ball (MEB) problems, square-root Lasso problems, and some linear SOCPs in DI-
MACS challenge. For the SOCPs arising from the MEB problems, we show that
any feasible solution to the primal problem is constraint nondegenerate and hence
the semismooth Newton method employed to solve the ALM subproblems is guar-
anteed to attain at least a superlinear convergence rate.

e For solving the convex quadratic SOCPs (P) and (D), we deal with the quadratic
objective functions directly in a concise manner. We do not need to transform the
problem into a much larger linear SOCP problem with an additional rotated qua-
dratic cone constraint. The great computational benefit of our approach is demon-
strated via the numerical results for solving the classical trust-region subproblems.

The rest of the paper is organized as follows. In section 2, we introduce some preliminar-
ies and notation which will be used in this paper. Recently developed convergence results of
the ALM and related topics on the quadratic growth condition for the dual problem (D) are
presented in sections 3 and 4. A highly efficient semismooth Newton method for solving the
ALM subproblems is presented in section 5 with some well-known convergence properties.
In section 6, we design an SOCP solver based on the proposed ALM. Moreover, we discuss
the efficient implementation of the solver and conduct extensive numerical experiments to
illustrate the efficiency and robustness of the proposed algorithm. Finally, we conclude the
paper in section 7.

2. Preliminaries. In this section, we first list some notation and present some basic
material on the projection operator onto the standard second-order cone.

2.1. Notation and definitions. We use Y, Z and W to denote generic finite-dimensional
real Euclidean spaces. For a given closed convex cone C, we use C° and C* to denote the polar
and dual cones of C, respectively. We use N¢(z) and 7¢(z) to denote the normal and tangent
cones of C at a point z € C, respectively.

Let f : W — [—00,400] be a given convex function. The effective domain of f is
denoted as dom (f). Moreover, the subdifferential of f at the point z € dom( f) is denoted as
Of (x). We use f* to denote the convex conjugate function of f, i.e., f*(z) = sup, {(z, z) —
f(z) | x € dom(f)}. Let D C W be a set. We use dp(-) to denote the indicator function
over the set D. If the set D is closed and convex, then the metric projection of x € W
onto D is defined by IIp(z) := argmin{|lz —s|| | s € D}. Moreover, the distance for
a point z € W to the set D is given by dist (z, D) := inf,¢cp ||z — d||. For more useful
properties related to convex functions and convex sets, we refer the reader to the monograph
of Rockafellar [37].

The following definitions on the Lipschitz-like continuity for a set-valued mapping are
commonly involved in derivation of the convergence rate for the ALM.

DEFINITION 2.1. 1. A set-valued mapping ® : W = Y is Lipschitz continuous at
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u € W with modulus k > 0 if ®(u) = {v} and there exists a positive constant €
such that

v =] < k|lu' —ul| Vo' ed), u €Be(u).

2. A set-valued mapping ® : W = Y is upper Lipschitz continuous at v € W with
modulus k > 0 if there exists a positive constant € such that

dist (v, @(u)) < kv’ —ul| Vo' € (W), u €Be(u).

Next, we define some mappings that are closely related to the perturbation theory of
optimization problems. We will use these mappings to analyze the convergence property of
the proposed ALM.

Let!: X x R™ — [—00, +00] be the Lagrangian function in the extended form:

I(z,y) = fOz) +{y, —Hz1 + ATzg + 23 —¢) = € dom(f?),
T e 2 ¢ dom(f).

Denote the essential objective functions of (P) and (D), respectively, by

f(z) :=sup l(z,y) =

{fo(rc) —Hay+ ATas + 23 =,
Yy

400 otherwise,

°(y) Ay =0,

—oo  otherwise.

g(z) = igf lx,y) = {

Note that the functions I(-), f(-) and g(-) are convex-concave, convex and concave, respec-
tively. Therefore, their subdifferentials are well-defined. In particular, we can define the
following set-valued mappings 7; : X x R" = X x R", Ty : X = X, and T, : R = R" by

Ti(z,y) == {(u,v) € XxR" | (u,—v) € dl(z,y) }, (z,y) € XxR",

Tt :=0f,and T, := —0g, respectively.
Consider the following linearly perturbed form of problem (P) with perturbation param-
eters (u,v) € X x R™:

(P(u,v)) mwin {f(z) — (z, u) |7H$1+ATSC2+SC3+’U*C:O}.

Then according to [35], the inverse mapping of three mappings 7, T, and T, are well-
defined (since T;, T, and T, are shown to be maximal monotone operators) and can be
viewed as the solution mappings of their corresponding perturbed problems. Indeed, one can
verify that

Ti(u,v)~t = the set of all KKT points to (P(u,v)),
Tr(u)~! = the set of all optimal solution to (P(u, 0)),
T,(v)™' = the set of all optimal solution to (D(0, v)),
where (D(u,v)) is the ordinary dual of (P(u,v)) for any (u,v) € X x R™. Therefore, we

may call Tl_1 the KKT solution mapping, T ! the primal solution mapping, and T, ! the
dual solution mapping.
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2.2. Projection onto the second-order cone. We next recall some important properties
on the projection onto the second-order cone. We will pay particular attention to the differ-
ential properties for the projection mapping ITx (-), where for notational simplicity we use K
to denote a single second-order cone in R% je.,

K :={z=(z0,2)" € R | o> |zs]}.

The following lemma provides an exact formula of the projection onto the second-order cone
(see, e.g., [15]).

LEMMA 2.2. Forany x = (z9,7;) € RY, the projection onto the second-order cone
K is given by
2]l < o,
Mg (z) = . [[#¢]] < —o,

(o + ||z (1, ﬁ) otherwise.

S 8

Since ITx (-) is a globally Lipschitz continuous mapping with modulus 1 on R?, i.e.,
Mk (2) ~ Ok @) < llz —yl Yo,y eRY,

it is well known that by Rademacher’s Theorem [13], I1x (-) is Fréchet differentiable almost
everywhere on any open set O C R?. Thus, we can define the B-subdifferential of ITx (-) at
apoint x € R? as

Ol (x) := { lim JTg (") | 2° — x, JHg(x%) exists},
71— 00

where JI1 ¢ (z) denotes the Jacobian of Tl (-) at € R? if it exists. Then, for any x € R,
the Clarke generalized Jacobian of I1x (x), namely, Ol (z), is defined as the convex hull
of Opllk(x). The following proposition gives the concrete expression of the elements in
Opllg (x). We refer the reader to [34, 21, 33] for more details.

PROPOSITION 2.3. Given an arbitrary point v = (xg,7,)" € RY, each element V €
Opllg (x) has the following representations:

L. Ifzg # % |||, Ui (+) is continuously differentiable near x with
0 zo < — o],
1 To > ||z,
JHK(:Z?) = d o7 0 ” t”
1 ( ! LT T) — ]l < @0 < Jlze]].
m (1 + W)Idfl - —HthS CCtIZ?t

1 T
Vel Tt -
2\ =z Ty Ty
Todl 2la-1 = o i
3. If vy # 0 and xg = — |||, then
-
1 1 Ty
- [EA
Ve O’ 2 Tt Xt 'I:

el Nzell el
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4. Ifxy = 0and xg = 0, then

1/1 w'
—= : < = .
velotd UG (L oyl puur) WSt lul=1]

Recall that L = K™t x --- x K" € R" is the Cartesian product of r second-order cones. It
is clear that for any x = (21;--- ;2,) € R™,

V= Dlag(vla a‘/r) € aBHKZ(CE)a V] € 6BHIC"J' (J]]), 1 S] <.
To apply the semismooth Newton method for solving the ALM subproblems presented
later in the paper, we also need the concept of semismoothness.

DEFINITION 2.4. Let ® : W — Y be a locally Lipschitz continuous function on the open
set O CW. ® is said to be semismooth at a point © € O if ® is directionally differentiable
at x and for any V. € 0®(x + Ax),

O(z+ Ax) — O(z) — VAz = o(||Az]]), Az —0.

® is said to be strongly semismooth at x € O if ® is semismooth at x and for any V €

0P (z + Ax),
(x4 Az) — ®(z) — VAz = o(||Az|?), Az — 0.
D is said to be a (strongly) semismooth function on O if it is (strongly) semismooth for every

point xz € O.

The next lemma shows that ITx(-) is strongly semismooth on R™. For a proof of this
lemma, see [10, 19].

LEMMA 2.5. The projection mapping I () is strongly semismooth everywhere.

3. Convergence results of the ALM. In this section, we analyze the convergence prop-
erties of the ALM applied to problem (P). Even though the theory has been highly developed,
we present certain important results here to make our paper self-contained.

Let 0 > 0 be a given penalty parameter. The augmented Lagrangian function associated
with problem (P) for any (z,y) € X x R™ is defined as

1
Lo(e,) = 1) + 5 (lo( = Ha + AT 25— ) + "~ o).

At the (k + 1)-th iteration, for a given sequence of penalty parameters 0 < oy, T 000 < 00
and an initial point 4y € R™, the inexact ALM performs the following scheme:

) et th= (@ ey as ™) & argmin {fi(2) = Lo, (2,5%)},
' y* = yF o (—HaMT - AT kbt o) k>0
The rate of convergence for the ALM can be obtained by considering its connection
with the dual proximal point algorithm (PPA). This connection was explored in Rockafellar’s

classical papers [35, 36]. More specifically, by combining Theorem 4 and Theorem 5 in [35],
one obtains the following fundamental convergence result for ALM.

THEOREM 3.1. Assume that SOLy, is nonempty, i.e., T, 1 (0) # 0. Let {(z*,y"*)} be the
infinite sequence generated by the ALM in (3.1) under the criterion for inexact computation,

2
(A) fr(@) —inf f < &,
20
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where {1} is a summable and nonnegative sequence in R. Then the whole sequence {y"*}
converges to some y> € SOLp.

If Tg_1 is Lipschitz continuous at the origin with modulus ky > 0 and the ALM is also
executed under the criterion

. 52
(B) fr(z®) —inf fi < ﬁ [|y* ! — ka2

with a summable and nonnegative sequence {6 }. Then y* — y> as k — oo, where in this
case Yy is the unique solution for problem (D). Furthermore, it holds that

Kg(K2 4+ 02) 12 4 6 Iy*

Hyk+1_yooH < s

-yl

for all k sufficiently large.

Remark 3.2. Note that the Lipschitz continuity assumption on 7}~ 1 is rather restrictive,
since it requires the solution set 7'~ 1(0) to be a singleton. In [26], Luque extended Rock-
afellar’s original results by relaxing the Lipschitz continuity condition to the upper Lipschitz
continuity condition. The latter condition is satisfied if the corresponding set-valued mapping
is piecewise polyhedral (see Sun’s PhD thesis [40] for more discussions on these mappings).
However, in the present paper, we consider the mapping involving the non-polyhedral second-
order cone; thus, more relaxed conditions might be needed.

The classical convergence results for the ALM (or equivalently PPA) are of great value
both theoretically and numerically. However, there are two practical issues to be resolved.
First, we can only obtain the rate of convergence for the dual sequence {y*} generated by
the ALM, but the rate of convergence for the primal sequence {z*} is not known. Even
though [12, Proposition 3] has provided a convergence result for {*} under the upper Lip-
schitz continuity condition of Tfl, the Lipschitz-like condition is quite restrictive as ex-
plained in [12]. Thus, instead of requiring the convergence of {z*} when designing a solver,
in our opinion, a more reasonable requirement is the convergence of the KKT residual of the
computed primal-dual sequence {(x*,y*)}. Second, the stopping criteria used in the the-
oretical analysis are not implementable since they require some unknown information (e.g.,
inf fj). Fortunately, these issues are resolved in [ 12] by conducting finer analysis of the ALM
applied to the dual problem. We shall summarize these results in the rest of this section.

To proceed, we first need the following definition of quadratic growth condition and
assumption of Robinson constraint qualification.

DEFINITION 3.3. The quadratic growth condition holds at an optimal solution iy €
SOLp if there exist positive constants r and € such that

(32 —¢°y) > —¢°(y) + wdist*(y,SOLp) Vy € B(y) N {y € R" | Ay = b}.

Assumption 3.4. The solution set SOLp, for the problem (D) is non-empty and the fol-
lowing Robinson constraint qualification (RCQ) of the problem (D) hold at some § € SOLp, :

o) (e -())

By [7, Theorem 3.9], the optimal solution set SOLp to the problem (P) is nonempty and
bounded under Assumption 3.4.
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For any k£ > 0, y* € R™, 21 € R and 25 € R™, denote

§F (21, 20) =g [y’“ +ow(— Hzy + Alay — ],

~ ~ T
,ka(J]l,fEQ) = ($1a$2ayk($1a$2)) € Xa
3.3 -
(3.3) Hxy — Hj* (21, 12)
€k($1,$2) = _b+Agk($1a$2)
0

Let {¢} and {4} } be two summable and nonnegative sequences. For inexact computations,
we adopt the following stopping criteria:

W) e < [y, b
Ck [Hy | + [y —y*|| Jox + 1/ ok

e 2
’ k+1 (5;%/(71@) ||yk+1 - ka . { 1 }
B e < O e e 7V [ s Ay

where eFt1 1= b (L ghthy yktl = gh(gh T 25 1) and C), > 1 is defined as
Cr o= 14 ||7* @+, 25 )| + v+ .

We can see that the above stopping criteria are truly implementable, and hence they are more
useful for practical purposes than the classical ones (i.e., criteria (A) and (B)).
Based on the KKT optimality condition (1.1), we define the natural map

Hzxzi — Hy
—b+ Ay
w3 — I (z3 — y)
Hxi —ATzg —a3+¢

(3.4) R™(x,y) := Vo= (x1,20,23) €X, y € R™

The following theorem is taken from [12, Theorem 2], which provides the R-superlinear
convergence of the KKT residual.

THEOREM 3.5. Suppose that Assumption 3.4 holds. Let {(z*,y*)} be an infinite se-
quence generated by the ALM in (3.1) under the criterion (A’). Then the sequence {y*} is
bounded and converges to some y> € SOLp. Moreover, the sequence {x*} is also bounded
with all of its limit points in SOLp.

If criterion (B') is also executed in the ALM and the quadratic growth condition holds
at y*>° with modulus kg > 0, then there exist a positive constant « and an integer k > 0 such
that for all k > k, aék <1, and

dist (y**1,SOLp) < fdist (y*, SOLp), ||R“at(xk+1,yk+1)|| < 6, dist (y*, SOLp),

where

1 - 5
0y := ~ ady + Ok

1-— O[(Sk /1 + o']%,%g )
1 1 52
0, = _ max{l,—}—i——k kLR .
¥ 1 — ady, < Ok O Hy Y H
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One can observe from the above theorem that when oy, T 0o < 00,

1 1
0, — 0 = max{l,—}.

)
1/1+agof%g Oco

Thus 6, can be arbitrarily close to zero if o is sufficiently large. This implies that the linear
convergence rate for the sequence {dist(y*, SOLp)} can be arbitrarily small. Moreover,
since #, < 1, the KKT residual also converges as rapidly as {dist(y*,SOLp)}. These
convergence properties may explain partially the highly efficiency of the ALM, as we shall
see in our numerical experiments.

9k %900 =

4. Quadratic growth condition. In this section, we analyze the quadratic growth con-
dition for the dual problem (D), which serves as a sufficient condition for the KKT residual
generated by the ALM to achieve the R-superlinear convergence rate (see Theorem 3.5). In
the recent work of Cui, Ding, and Zhao [11], two types of sufficient conditions were proposed
to ensure the quadratic growth condition. Here in this section, we will follow one of the avail-
able frameworks in [11] to provide a sufficient condition for the quadratic growth condition
under the bounded linear regularity and metric subregularity conditions.

Recall that since H > 0, there exists a matrix R such that H = RT R. Denote Fp :=
{y € R" | Ay =b }. Then problem (D) can be reformulated as

1
max {go(y) =—3 IRy|l* = (¢, y) = p(y) ‘ y € FD} ,
where p(-) = dc(+). Moreover, the KKT optimality condition (1.1) can be rewritten as
(41) O0eR"Ry+c+ply)—ATxzy, Ay—b=0 VY (x2,9) € R™ xR".
Take any ¥ € SOLp. Denote

(:=Ry, V:= {yeR”|Ry:§}
and define the set-valued mapping G : X = R" as

G(x):=(0p) ' (ATza—R"(—¢) Va=(21,72,23) € X
Then, we have the following characterization for the optimal solution set SOLp.

PROPOSITION 4.1. Assume that j € SOLp and T = (Z1,Z2,%3) € SOLp. Then the
optimal solution set SOLp can be characterized as

SOLp =V NgG(z)N Fp.

Proof. We only have to show that for any 3,3’ € SOLp, it holds that Ry = Ry’. This
is equivalent to saying that the value Ry is invariant over y € SOLp. However, such a fact is
already well known in the literature; see, for instance [28]. 0

Next, we recall the concept of bounded linear regularity of a collection of closed convex
sets. This concept is useful for analyzing error bound properties for constrained optimization
problems.

DEFINITION 4.2. Let D1,--- , Dy be some closed convex sets in a finite dimensional
Euclidean space W. Suppose that D := Dy N --- N Dy is non-empty. The collection
{D1,---, Dy} is said to be boundedly linearly regular if for every bounded set B C W,
there exists a positive constant k such that

dist (x, D) < kmax{dist(z,D1),--- ,dist(z,Dq)} Vz € B.
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However, checking the condition in Definition 4.2 is not a trivial task. In [5, Corollary 3], the
authors established the following simpler sufficient condition.

PROPOSITION 4.3. Let Dy, --- , D4 be some closed convex sets in a finite dimensional
Euclidean space W. Suppose that D1, - - - , Dy, are polyhedral for some 0 < q1 < q. Then a
sufficient condition for the collection {D1, - - - , Dy} to be boundedly linearly regular is

(N Din () 1i(Di) # 0.

1<i<q @ +1<i<q
We next introduce the definition of metric subregularity.

DEFINITION 4.4. A multifunction ® : W = Y is said to be metrically subregular at
Z € Wforv € Yif (z,v) € gph (®) and there exist positive constants k and € such that

dist (z, ®7(7)) < rdist (7, ®(z)) Vz € B(Z).

For a general multifunction, it could be difficult to check the metric subregularity directly
since the graph of the multifunction at the reference point may contain infinitely many points.
Fortunately, when the multifunction is the subdifferential of a proper closed convex function,
it has a more convenient characterization as shown in the next proposition.

PROPOSITION 4.5. Let W be a real Hilbert space endowed with the inner product (-, -)
and p : W — (—o0,+00] be a proper closed convex function. Let (0,%) € W x W such
that v € Op(Z). Then Op is metrically subregular at T for U if and only if there exist positive
constants k and € such that

p(x) > p(Z) + (v, x — T) + r dist? (z,(0p)~ (D)) Va B (z).

The proof of Proposition 4.5 can be found in [3, Theorem 3.3]. Next proposition states that
p(-) = 9dxc(-) = Ni(-) is indeed metrically subregular.

PROPOSITION 4.6. Let I = K™ x --- x K™ C R" be the Cartesian product of some
second-order cones with K" C R™, 4 = 1,---.r, andn = ny + --- + n,. For any
(x,v) € gph(ddx) i.e., v € Nic(x), Do (+) is metrically subregular at x for v.

Proof. Since the metric subregularity of N is implied by the metric subregularity of
each Nyn, fori = 1,...,r, we only need to check that for a standard second-order cone
K, Nk (-) is metrically subregular at any point on its graph. The latter has been shown in
[41] as a special case of the results for the p-order conic constraint system. Thus, the proof is
completed. O

After all the previous preparations, we are now able to provide a sufficient condition for
the quadratic growth condition for problem (D) to hold. The next theorem, which is taken
from [11], provides a general framework to establish the sufficient condition for the quadratic
growth condition. To make the paper self-contained and to explain the idea more clearly, we
provide a proof that is restricted to SOCPs.

THEOREM 4.7. Assume that SOLp is nonempty and that there exists © € SOLp such
that the collection {V, Q(SE)} is boundedly linearly regular. Then the quadratic growth con-
dition holds for problem (D) at any point § € SOLp.

Proof. Let § € SOLp, & = (Z1,Z2,T3) € SOLp and € > 0. Then for any y €
Fp NB. () we have that there exist k2 > 0 and 3 > 0 such that

dist? (y, SOLD) = dist? (y,v N g(g’c))
< ko [dist® (y,V) + dist® (y,G(2))]
< w3 [|[By = C[|* + dist® (y. (9p) (A w2 — RTC = o)),
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under the assumption that {V G(z } is boundedly linearly regular. Note that in the last
inequality of above, the first term makes use of Hoffman’s error bound [20].

By Proposition 4.5, Proposition 4.6 and (7, AT, — RT( — ¢) € gph(dp), we know that
there exists x, > 0 such that for any y € B.(%), it holds that (by shrinking e if necessary),

p(y) —p(G) = (AT = RTC— e, y —§) + rpdist” (y, (9p) "1 (A 72 — RT( — ¢)).

By combining all the obtained inequalities, we have that for any y € Fp N B.(7),

1

5 IRyl + (e, )+ p(y)

> —HCH (¢, Ry—() + —HRy NP+ e w)

+p@) +(ATz— R C—c,y—y>+fipdlst2 (y, (0p) " (A2 — RT( —¢))

= —9°(y) + % | Ry — C||” + &y dist?(y, (8p) "1 (ATZ2 — RT( — ¢))

—-9°(y)

V

1
> —go(g) + /-@gl min{x,, 5} dist? (z,SOLp),

which is exactly the quadratic growth condition for problem (D). Therefore, the proof is
completed. O

By the definitions of V and Fp, it is obvious that both sets are polyhedral. However, G(-)
is not always polyhedral. Indeed, let Z3 := — AT Zo+ R C4c = ((Zs)1, -+ , (Z3),) € R™,
since (see, e.g., [8])

{O} (fg)l € int K:ni,
(00xcni )~ (—(Z3)i) = Nyeniye (—(Z3)i) = § K™ (z3); =0,
Ry ((#3),0, —(Z3)it) (Z3)i € bdK"\{0},

we can see that when n; > 3, G(Z) is polyhedral if and only if (Z3); # 0, V1 < i < 7.
As a consequence, given To € R™, let J be the index set defined as J := {z | (Z3); = 0},
if there exists § = (§1,--- ,%») | € R™ such that (T2, 7) solves the KKT system (4.1) and
y; € int K™, Vi € J. Then by Proposition 4.3, the collection {V, G(Z)} is boundedly
linearly regular, and hence the quadratic growth condition for the problem (D) holds at any
optimal solution. The aforementioned conclusion on (Z2, §) is summarized as follows.

COROLLARY 4.8. Let (T2, ) be a solution of the KKT system (4.1) and T3 = — AT z5+
R + c. If for each block with n; > 3, i = 1,---,r, ((3), ;) satisfies the strictly
complementary condition: §; + (Z3); € int ™. Then the quadratic growth condition holds
at any solution of the problem (D).

Proof. By [1, Corollary 24], we know that for each block withn; > 3,1 < i < r,
((Z3),Ts) satisfies the strictly complementary condition either when both §; and (Z3); are
nonzero and in the bd K™, or when one of them is zero and the other is in the interior of ™.
Then by the above discussions, the conclusion can be derived in a straight-forward manner.0

5. Solving the ALM subproblem by an inexact semismooth Newton method. In this
section, we propose an inexact semismooth Newton method for solving subproblems arsing
from the inexact ALM in (3.1) applied to the problem (P).

For given y and o, denote (1, z2,y) := Hx; — AT 29 —y/o + c. Recall that the exact
ALM subproblem is given by

—<CC1, HCC1> — <b, 1172> —+ 5/C(1173>
Iyl*)

1
. 2

5. (¢f.2f,2f) = argmin y ’
(7,23, 25) (or.00,3) €X +5= (llo(zs — gla1, 22,9)|° —
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By simple calculations, we have
(5.2) zg =T (§(27, 23 ,y)) .

Therefore, by using the Moreau identity, we obtain that to solve the problem (5.1), it is equiv-
alent to solve

1

<561, H$1>7<b, £172>+2—
g

(I (o, 22, )1~ lol)

N =

(5.3) min Y(x1,z2) =

x1,T2

Once :cir and :c;r have been computed, we can obtain :cgr via (5.2). Furthermore, to solve the

above unconstrained minimization problem with respect to (z1,z2) € Ran(H) x R™, it is
equivalent to solve the following system of nonsmooth equations:

Hxy — Hllk [—og(z1, 22,Y))

Vi (1, 22) = < —b+ ATl [—ojj(21, 22, 9)] ) =0 (z1,22) € Ran(H) x R™

Since Ik (+) is strongly semismooth everywhere (by Proposition 2.5), it is desirable to apply a
semismooth Newton method to solve the above system of nonsmooth equations as one could
expect a superlinear or even quadratic convergence rate. To this end, for any (z1,22) €
Ran(H) x R™, we define

52 (21, w2) = (H 0) Yo (_ﬂ) Ml [—ofi(z1,22,9)] (H —AT).

Then 321/)(:1:1, x2) can serve as a replacement of the (hard-to-characterize) generalized Hes-
sian of 9 at (w1, x2), namely, 8%1(x1,x2), in the sense that for any d; € Ran(H) and

d2 € R™,
Foene (1)) = ((31))

Next we present the well-known inexact semismooth Newton method in [46] to solve
(5.3) as in Algorithm 5.1.

The convergence of Algorithm 5.1 is given by the next theorem under the following
assumption.

Assumption 5.1. The linear mapping A : R® — R™ is onto, and there exists ¢ € int K
such that Ay = b.

THEOREM 5.2. Suppose that Assumption 5.1 holds. Then Algorithm 5.1 generates a
bounded sequence {(x},x%)} such that any of its accumulation point is an optimal solution
to problem (5.3).

Readers may refer to [46, Theorem 3.4] for a proof of Theorem 5.2. To obtain a fast super-
linear convergence rate or even a quadratic convergence rate of Algorithm 5.1, one needs the
positive definiteness of the coefficient matrix in the linear system at the solution point. Estab-
lishing conditions that ensure the positive definiteness of the coefficient matrix is important
for the convergence analysis. Next theorem provides the convergence rate of the algorithm
under the constraint nondegeneracy condition, whose proof can be done by combining the
results from [23, Proposition 3.1, Theorem 3.2] and [46, Proposition 3.2, Theorem 3.5].

THEOREM 5.3. Suppose that Assumption 5.1 holds. Let (&1,%2) be an accumulation
point of the infinite sequence {(x],x3)} generated by Algorithm iSSN for problem (5.3). Let
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Algorithm 5.1 Algorithm iSSN: An inexact semismooth Newton method (iSSN(y, 0)).
Given 7 € (0,1), 7 € (0,1], 71,72 € (0,1), and x € (0,1/2), 6 € (0,1). Choose
(29,29) € Ran(H) x R™. Perform the following iterations for j = 0,1,2,- - - ,

. . . . 147
Step 1. Set ¢; := 71 min {7’2, HV’I/)(IJI,IE%)H} and v; = min{l), va(arjl,:zré)H }

Find (d,d}) € Ran(H) x R™ by solving the following linear system approxi-
mately

d 0 L A o
M (di) o (d) +Vi(atay) =0, M € (e, a3)

in the sense that

’Sl/j.

d 0 J
Mj dj + € dj + Vlﬂ(%a%)
2 2
Step 2. Set o; = ™ where m; is the smallest non-negative integer m for which

(el + 5™ o)+ 5™ ) < (el ad) + po™ (Ve o), (d1>>.

dj
Step 3. Set 2! ™' = aJ + ajd{ and :c%“ = :v% + Oéjd%.
9 := U (—og(&1,E2,y)). Assume that the following constraint nondegeneracy condition
holds

Alin (T,C(g)) —R™,

where lin ('T;c (zj)) denotes the lineality space of the tangent cone of K at . Then, the whole

sequence {(x, 1)} converges to (i1, #2) and
. . . . 1+7
[t 4y = )] = 0 (|ahad) — i) 7).

Remark 5.4. The constraint nondegeneracy condition in the above theorem could be hard
to verify since the accumulation point (21, Z2) is usually not known. Fortunately, for some
special problems one may check that this condition holds at any feasible solution. For such
an example, see Theorem 6.1 in Section 6.3 on solving MEB problems.

Note that under the constraint nondegeneracy condition, one can show that every ele-
ment in 32w(i1, #9) is self-adjoint and positive definite on Ran(H) x R™; see [23, Theorem
3.2]. It is also clear that if H is not positive definite on R™, then Ran(H) # R™. Thus, if
Ran(H) is replaced by any linear subspace of R™ strictly containing Ran(H) in the formula-
tion of problem (P), then the local fast convergence rate for Algorithm iSSN will be lost. As
a result, the restriction 21 € Ran(H) in problem (P) in fact plays a crucial role in our algo-
rithmic framework. We will discuss later in Section 6.1 on how to implement the restriction
(d1,d2) € Ran(H) x R™ when solving the linear system in Algorithm iSSN.

We end this section by emphasizing that our ALM, equipped with a semismooth Newton
method for solving the ALM subproblems, is an inner-outer loop algorithm. By our conver-
gence analysis, both the inner loop and the outer loop have fast convergence rates under some
technical assumptions. Thus, our present algorithm is a “fast+fast” algorithm.



AN INEXACT ALM FOR SOCPS WITH APPLICATIONS 15

6. Numerical implementation and experiments. In this section, we aim to design an
efficient solver for the following SOCP problem

1 _ T _
(6.1) min {§<$17 Hzy) — (b, x3) Hri+A'xo+123 =c¢ } ,
Z1,%2,T3

w3 = ((23)o, (T3)1,- -, (w3)r) €K

where [ := R x K™ x .. x K" with K™ (n; > 3) being the second-order cone in R™
forl1 <i<r,c=(co,c1,  ,¢) €R™xR™ x ... xR, becR™ AecR"™™" and
H e S’}r are given data with n = ng + n1 + - - - + n,.. Moreover, if we treat A as a linear
mapping such that A : R™ — R™, then it has the following form:

T
Ay:=> " Awi, A €R™™ 0<i<r Vy=(yoiyri--;y) €R™
=0

Note that in (6.1), we consider additionally a nonnegative constraint since it often appears
in real world applications. However, all the theoretical development in the previous parts of
the paper can easily be extended to include the additional nonnegative constraint since the
cone R’}° is polyhedral.

In the remaining part of this section, we first discuss some implementation details for
the proposed ALM. Next, we apply our SOCP solver to solve MEB problems, trust-region
subproblems, square-root Lasso problems, and some linear SOCPs problems in the DIMACS
challenge data set. We also mention here that the purpose of our numerical experiments is to
compare the efficiency of our proposed ALM against other well-known linear SOCP solvers.
Therefore, we do not compare the performance of our solver with specialized solvers for each
application that are presented in the rest of this section.

6.1. On the efficient implementation of the ALM for SOCP. In this subsection, we
present some implementation details for our ALM solver. In particular, we discuss how to
solve the Newton systems efficiently when the input data possesses certain sparsity structures.

First, we consider solving systems arising in linear SOCPs. Let us focus on the case
when A is a sparse matrix. For any given (y,z2) and ¢ > 0, it is shown in section 5 that
the crucial task for solving the ALM subproblem is to solve a linear system in the following
form:

6.2) Md = (dm +° Mi> d=rhs, deR"™,
i=0
where M, := AZ-ViAZT, for 1 <17 < r, eis a small positive number, rhs is a given vector, and
Vo € Opllgn (yo + o(Agx2 — co)),
Vi € 0pllcn: (yi +0(Af 22 —¢;)), 1<i<m

From the description of the elements in gl (-) presented in section 2, we can see that if
Vi (1 < ¢ < r) takes the following form:

v=t( “ pil <1, o] = 1
i = = ) Pi < y Wil = 1L,
2 \w (L4 pi) a1 — prwiy ' '
then M; can be rewritten as

1
2

14 p;
M; = AVA] = ﬁ;P A A+

(Ai,l, Az‘,sz‘) ( e L

1 —pi ) (Ai,b Ai,2wi)T7
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where A; = (A; 1, Ai) with A;; € R™ and A; 5 € R™*(ni=1),

The presence of the outer-product terms in the formulation of the matrix M; = AiViAiT
can cause numerical issue in the following sense. If the vector A; ow; is dense, even when
A;A] is a sparse matrix, M; will still be a dense matrix. In this case, directly solving (6.2)
based on Cholesky factorization will be time consuming. To overcome the aforementioned
issue, we will apply the following dense-column handling technique to exploit the possibly
sparse part of the matrix M;.

Let us assume that the coefficient matrix M can be written as M = Mg, +UDU " where
My, is a sparse symmetric positive definite matrix, U has only a few columns, and D is an
invertible diagonal matrix. Then we can solve the linear system (6.2) by solving the following
slightly larger but sparse linear system:

d rhs My, U .
(6.3) M = . M= . dy:=DUTd.
dy 0 Ul -D 1,

To obtain an accurate approximate solution to the linear system (6.3), it is desirable to
solve the above linear system via a preconditioned symmetric quasi-minimal residual method
(PSQMR) [14] with the preconditioner computed based on the following analytical expres-
sion of M~1:

Mot Mgt — MJUSTIUT MG MG'US™!
a STUT M) st )7

where S = D71 + UTMb;,lU. It can be readily seen that for a given vector (hq;ha),
M~Y(hq; hy) can be evaluated efficiently as follows:

A= M'hy, A = STHUTAL —ha), M Hhiyhe) = (A — Mg 'Ulg; ).

However, when the size of the matrix S (which can be twice the number of second-order
cones) is large or there is no obvious sparsity structure in the linear system (6.2), the afore-
mentioned technique may be time consuming. In this case, we would apply the PSQMR
directly to solve the system (6.2) with diagonal preconditioner.

Next, we consider the case when H # 0. We then need to solve the following linear
system as described in Algorithm iSSN,

dy H+ocHVH —cHVAT dy HR,
(6.4) M = =
do —cAVH el,, + cAV AT do Rs

such that (d1,ds) € Ran(H) x R™ and

()-()

where € > 0, 0 > 0, and v > 0 are given parameters, R; and Ry are given vectors; and
V € 0pllx[—og(x1, 22, y)| at the given point (21, 22, y). Given the fact that one requires the
condition d; € Ran(H) to establish the convergence of Algorithm iSSN, however, in practice
this condition may bring numerical issues in computing the Newton direction. Fortunately,
we can fully overcome this difficulty via solving the following simplified system

A I,+oVH —oVAT dy Ry
(6.6) M R = . =
do —0AVH eI, +cAVAT ds Rs

v,
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such that (dl, dg ) € R™ x R™, with the residual

i Ry < 1
( ) <RQ> = max {1, Amar(H)}

where Apax(H) is the maximum eigenvalue of H. Then simple calculations show that
(di,d2) = (Igan(m) (d1), d2) solves (6.4) satisfying (6.5). Moreover, one can verify that
HTlgan(m) (cil) = Hd; and (MRran(m) (czl), HTlgan(m) (cil)) = (cil, HCZ1>. Using these facts
and analyzing the proposed algorithm carefully, we can execute the proposed algorithm with-
out computing [T an () (cil) explicitly. Finally, to solve the linear system (6.6), we can apply

a direct method via computing the sparse LU factorization of M ifitis sparse. Otherwise, we
may use an iterative solver, such as the BICGSTAB method in [38].

6.2. Settings for numerical experiments. In this subsection, we present the settings of
our numerical experiments. We first set up the stopping criteria for the proposed ALM based
on the KKT conditions given in (1.1). We define the following relative KKT residuals,

4y~ + 18— P (s
v Aty o I3 =TItz =]

Al(xlvy) = )
1+ bl + [ H]| L+ lyll + [l
—Haxy+ ATxy + 25 — cH
Az(x1, 29, 73) 1= H
L+ lc]
and the relative gap
|[pobj — dobj]
Ay, x0,y) = - e
1@, 22,9) 1+ |pobj| + |dobj]
where pobj := <:c1, Hzxy) — (b, 22) and dobj := f%@, Hy) — (¢, y) are the objective

function values for primal and dual problems, respectively. For any given termination toler-
ance tol, which will be specified later, we terminate our ALM solver when

(6.7) AF = maX{Al(:cl, By, Ag(yh, xk), As(ah,ah of), Ayl ok o )} < tol,
where { (2%, x5 x% y*)} is the sequence generated by the algorithm at the k-th iteration.

In our numerical experiments, we will consider both linear and convex quadratic SOCPs.
For linear SOCPs, the solvers that we will benchmark against are the highly powerful com-
mercial solver Mosek' (version 9.1.7) and the efficient open source semidefinite-quadratic-
linear programs (SQLP) solver SDPT3? [45] (version 4.0). For the convex quadratic SOCPs,
we apply our ALM solver to the problem with quadratic objective directly, while for Mosek
and SDPT3, we solve the reformulated problem (1.2).

For the ALM, we set tol = 10~% and stop the algorithm whenever it returns a solution
such that A* defined in (6.7) is less than tol. Moreover, the maximum number of iterations
for the ALM is set to be 100. Since Mosek solves a homogeneous self-dual model which uses
different stopping criteria, we use its default settings. The solutions returned by Mosek and
SDPT3 under the default settings are then extracted to compute the relative KKT residuals
in (6.7). We observe that when the default settings are used, Mosek and SDPT3 provide
similar levels of accuracy as ours in terms of relative KKT residuals defined in (6.7).

Thttps://www.mosek.com/
2https://blog.nus.edu.sg/mattohkc/softwares/sdpt3/
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All the computational results are presented in tables. The column under “it” reports the
number of iterations for each algorithm. Note that for the column “it(newton)”, we report the
number of ALM iterations and the total number of Newton systems solved in the ALM. In
addition, the column “time” reports the computational time in seconds. For the column “kkt”,
we report the relative KKT residuals returned by each solver.

All experiments are run in MATLAB R2018b on a workstation with Intel Xeon processor
E5-2680v3 at 2.50GHz (this processor has 12 cores and 24 threads) and 128GB of RAM,
equipped with 64-bit Windows 10 operating system. Since Mosek can take advantage of
multi-threading, we observe that under this operating system, the number of threads used by
Mosek is 12, whereas for SDPT3 and our solver, only one thread is observed to be used by
MATLAB.

6.3. Application to minimal enclosing ball problems. In this subsection, we consider
the MEB whose goal is to compute a ball of smallest radius that encloses a given set of balls
(including points). The MEB problem is a member of the family of minimum containment
problems, and it is also known as the smallest enclosing ball problem and minimal bounding
sphere problem, etc. We refer the reader to [47] for an introduction of MEB problems.

Let B; denote a ball in R? with center ¢; and radius r; > 0, i.e.,

Bi={zeR?: ||lz—¢| <r}.

Given a set of distinct balls B = {B1, Ba, - , B} C R<, the MEB problem is equivalent
to the following unconstrained convex minimization problem:

(6.8) min max {||z el +ri}.

Since the objective function is nonsmooth, the usual gradient-based methods are not applica-
ble. However, if we denote n = m(d + 1), xz = (r;2) € R, and

X3 = (t1;515t2;525 - ;tm3 Sm) € R",

problem ( 6.8) can be reformulated into a linear SOCP problem of the form (6.1) (see,
e.g., [47] for such a reformulation):

(6.9) (MEB) max {b'x2 | ATxa+x3=c, x3 €K},
X2,T3
where
b=-(10;---;0) € RI*L c= —(r1;e15m2;C0; 0+ 5 Tm; Cm) € R™,
A=—(Igp1 - Igpr) € RUFDXN 0 = g 5w KL CR™

Then we can apply the proposed ALM to solve the MEB problem. To achieve a fast local
convergence rate for the semismooth Newton method when solving the ALM subproblems,
we need the constraint nondegeneracy condition. For the MEB problem, by considering its
geometrical properties, we are able to show that the constraint nondegeneracy condition holds
at any feasible solution of the dual problem of MEB.

THEOREM 6.1. Assume that B = {By,Bo, - , B} C R% with m > 1. Then the
constraint nondegeneracy condition holds at any feasible solution y for the dual problem of
(MEB), i.e.,

A(lin(Tx(¥))) = R v Ag =b.
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Proof. Lety = (¥1;...;Ym) € R™ be any feasible solution, i.e., A(y) = band y; =
(as;v;) € K41 fori = 1,...,m. If there exists i such that a; > ||v;||, then the conclusion
is trivial since lin(7ca+1(y;)) = R4TL. Assume without loss of generality that for all 1 <
i < myg, mo < m, we have that o; = ||v;|| > 0 and that for all i > mg, a; = ||v;|| = 0.

We claim that mg > 2. If mg = 1, then by the feasibility condition, we have that a; = 1,
and v; = 0, but this is impossible since ¥; = (a1;v1) € KL, Thus mg > 2. Next, we
show that there exist 1 < ¢ < j < mg such that §; = (coy;v;) and y; = (o;; v5) is linearly
independent. Suppose that this is not true. Then all the vectors y;, 1 < i < my, are parallel,
and the feasibility condition implies that v; = 0 for all 1 < ¢ < mg. The latter contradicts
the assumption that y;, 1 < ¢ < my, are nonzero vectors on the boundary of K4+1, Now for
such ¢ and j, the linearity spaces are given by

lin(Ticat1 (a3 v3)) = (s —vi) L, lin(Teas (o3 05)) = (o3 —v;)*
For the primal constraint nondegeneracy condition to hold, we need to show that
lin(Ticatr (i3 v3)) + lin(Ticat (@5 v5)) = R
However, the aforementioned condition is equivalent to
span {(a;; —vi)} N span { (a3 —v;)} = {03,

which holds true because of the linear independence of the vectors y; and y ;. This completes
the proof. O

Next, we evaluate the performance of the proposed ALM against SDPT3 and Mosek. Let
{Pi}i>0 denote the following pseudo-random sequence:

- Pi .
=7, pip1 = (445p; +1 d 4096, pi=——, i=1,2,---.
=T pi1=(p+ 1) mo LT
Then the elements of ¢;, 7 = 1,2, - -, m are successively set to p1, pa, - - -, in the order
1, (c)ts s (e)ds 3 Tms (Em)1, oo s (6m)a

Note that same testing instances were also used in [47]. The associated computational results
are presented in Table 6.1. From these results, we observe that SDPT3, Mosek, and the ALM
solve all the instances successfully. Our ALM outperforms the other methods in the sense
that the computational time is much smaller. Mosek outperforms SDPT3 but becomes less
efficient when the problem size is large. Indeed, Mosek is about two times faster than SDPT3
while the ALM is at least two times faster than Mosek when the problem size is large. Thus
we can conclude that the proposed ALM is highly efficient and robust for MEB problem:s.
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TABLE 6.1

Computational results for MEB problems with various value of m and d.

SDPT3 Mosek ALM
m, d it|time|kkt it|time|kkt it(newton)|time|Kkkt

1000, 400 21 [5.7 [9.6e-09 13[2.7]356:00 | 7(40) | 1.8 | 2.9¢-09
1000, 800 22| 13.1 | 6.5¢-09 14]52]1.6e-09 |  7(44) | 3.0 | 1.9¢-09
1000, 1200 21[19.8 | 8.0e-09 12]82[1.2¢:09 | 7(42) | 4.1 | 1.3e-09
1000, 1600 2129.7 | 7.3e-09 11]11.7]7.3e09 |  6(39) | 5.3 | 3.2¢-09
1000, 2000 19| 34.3 | 8.1e-09 13]17.7]43e:09 |  6(37)]6.0]2.3e-09
8000, 100 25| 13.4 | 7.6e-09 17152 24e-09 | 7(45) | 3.6 9.1e-09
16000, 100 25| 26.1 | 7.1e-09 19]11.0]22e-09 |  8(48)|7.5 | 4.1e-09
32000, 100 25|54.6 | 8.4e-09 20| 23.7 | 1.7e-09 7(44) | 14.1 | 2.2¢-09
64000, 100 | 28[119.7[6.7e-09 | 20]49.3|4.9e-09 | 7(45)|28.6 | 1.9¢-09
128000, 100 30| 277.3 | 5.8¢e-09 18197.9 | 6.4e-09 6(43) | 54.7 | 3.9e-09
256000, 100 | 30| 6453 | 1.0e-08 | 20|377.6|1.2¢-08 | 6(45) | 118.4 | 3.6e-09
512000, 100 | 31| 1429.27.0e-09 | 20| 1306.5| 1.0e-08 | 5(39) | 212.4 | 9.1e-09
3000, 1000 21| 54.8 | 7.9¢-09 14 ]20.1 | 4.4e-09 7(43) ] 10.5 | 3.1e-09
3000,2000 | 22 123.19.2¢-09 15]51.9]1.9e-10 | 7(46) | 21.5 | 6.0e-09
3000, 4000 221283.1|5.9¢-09 111]128.8 | 1.5e-10 6(40) | 36.4 | 4.0e-09
3000, 8000 | 20|558.6|7.9e-09 | 12]277.2]5.0e-09 | 6(39)|71.2]6.1e-09
3000, 16000 | 20| 1334.9 | 5.4e-09 121592.7 | 2.3e-10 | 6(44) | 164.6 | 1.6e-09

6.4. Application to trust-region subproblems. We consider in this subsection SOCPs

arising from the classical trust-region subproblem,

(6.10)

min
yeR?

{%@’ Hy) + (¢, y) \ lyll < 1},

where H is symmetric but not necessarily positive semidefinite. It was proven in [30, The-
orem 5] that when Ay < 0 (the smallest eigenvalue of H), a tight convex relaxation of the
classical TRS (6.10) can be derived and is given by

1
G6.11) min {—<y, (H = Aula)y) + (e, y) + An \ vl < 1}-

yERY 2

Problem (6.11) can be reformulated (ignoring the constant term Ay in the objective) to the
form of (D),

1
(6.12) min {§<y, Hy) + (c, y) ‘ Ay = b, yEICd“},
Yy

where y := (s,y) T € R™ c:=(0,¢)T € R b:=1, A:=(1,0) € R+ and
H = ’ 0 e s+,
0 H—Auly "
To solve a problem of the form (6.12) by Mosek and SDPT3, we need also to reformulate

it as a linear SOCP as we did in the introduction. Specifically, problem (6.12) is equivalent to
the following problem with additional affine and rotated quadratic cone constraints:

min {(¢, §) | Ag =5, g€ L' x K2},
]
where g := (y,t,q,2)7 € R¥H3 witht,q € R, 2 € R% ¢ := (¢,1,0)T € R2+3,
b:= (b,0,1) € R**?2 and
0

. c R(d+2)x(2d+3)

A 0 0
A= R 0 O
0 0 1 0



AN INEXACT ALM FOR SOCPS WITH APPLICATIONS 21

with H = RTR.
Next we compare the performance of our SOCP solver with Mosek on a class of synthetic

data. In particular, we randomly generate the input date via the following MATLAB scripts:

P = rand(d,d); h = (Pxdiag(randn(d,1)))*P’;

lamh = eigs(h,1,’smallestreal’);

H = [zeros(l,d+1l); [zeros(d,1l),h-lamhxeye(d)]1];

c = [0;randn(d,1)]; b =1; A = [1,zeros(1l,d)]; R = H"0.5;
The computational results are presented in Table 6.2. In the table, we also report the minimum
eigenvalue of the data matrix H (corresponding to & in the above MATLAB script), which is
denoted by the term A ;. From the table, we can see that our ALM solver outperforms Mosek
and SDPT3 in terms of computational time. In most cases, the solution quality returned by
our solver is much better than that of Mosek and SDPT3. These results also indicate that
dealing with the quadratic objective directly is indeed much more efficient.

TABLE 6.2
Computational results for trust-region subproblem on synthetic data.

Mosek SDPT3 ALM

n AE it|time|kkt it|time|kkt it(newton)|time|kkt
1000 | 9.9e+03 | 3]09]1.1e00 | 9[22 I.1e-07 | 6(13)]0.1]1.7e-09
2000 | -1.2e+04 | 3|2.4]6.6e-08 88.3]2.6e-06 | 5(14)]0.1]|3.6e-09
3000 | -1.3e+04 | 3[6.0]1.9e-06 | 9]22.1]9.9e-08 | 6(16) 0.3 |6.1e-10
4000 | -1.5e+04 | 3|11.9]4.0e-09 | 9]40.5|1.1e-07 | 6(15)]0.6|5.9e-11
5000 | -1.8e+04 | 3]18.8]3.5¢-09 | 9]66.6]1.2e-07 | 6(13)]0.8 | 1.0e-09
6000 | -4.1e+04 | 3[29.4]9.9e-08 | 9]106.9 | 1.2¢-07 | 6(13)]1.0|3.7e-10
7000 | -5.3e+04 | 3]40.7|2.4e-07 | 9| 149.8| 1.6e-07 | 6(13)| 1.4 | 4.6e-11
8000 | -6.6e+04 | 3]56.6|1.3e-06 | 9]205.8|1.0e-07 | 6(15) 2.0 |3.2e-11
9000 | -1.4e+05 | 3]72.5|1.4e-07 | 9|269.4| 1.8¢-07 | 5(10)| 1.7 | 4.0e-09
10000 | -1.2e+05 | 3|88.1]7.5e-10 | 9]292.8 |5.5¢-08 | 5(11)|2.1]8.le-10

6.5. Application to square-root Lasso problems. In this experiment, we consider the
following square-root Lasso model proposed in [6]:

(6.13) min ||Bz —w|| + Alz|,
z€R4

B € R™*? and w € R™ are given data, m is the sample size, and d is the dimension of the
features.

As explained in [6], the square-root Lasso model is advantageous over the classical Lasso
model. When dealing with noise that follows a Gaussian distribution A'(0, o2), the square-
root Lasso model guarantees a near-oracle performance. Moreover, for the square-root Lasso
model, one does not need to know an estimate of the standard deviation ¢ in advance, while
such an estimate of o is needed in the classical Lasso model. However, it is nontrivial to
estimate the standard deviation when the dimension of features, d, is much larger than the
sample size, m. Therefore, the square-root Lasso model is in some sense more useful.

It is outside the scope of this paper to compare the empirical performance of different
models from statistical perspective. Here we focus on the numerical aspects of solving the
optimization problem (6.13) by reformulating it into an SOCP of the form (6.1). Hence, we
only compare the performance of our proposed ALM against other general SOCP solvers but
not the specialized square-root Lasso solvers such as the one in [42].

As stated in [6, Section 4], problem (6.13) can be equivalently reformulated as a standard
SOCP. Indeed, we note that for any real number a, we have |a| = a1 +a_ anda = ay —a_,
where a4 and a_ denote the positive and negative parts of a, respectively. Therefore, we can
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write x = p — ¢, with p, g € Ri and thus,
-
|Be —wl| + Allzll, = |Bp— B —w| + A (p+q), e=(1 - 1)7 eR-
Now let z = Bp — Bq — w. Then (6.13) is equivalent to

(6.14) min {t—i—)\eT(p—i—q) ‘ Bp—Bq—z=w, (t,z) € K™ p, qeR‘i},

(t,2),p.q

where K™+1 is the second order cone in R™ T, Denote y = (p, ¢,t,2)" € R2¥+m+1 and

b:=wcR™, c:=(\e Ne 1,0)" € RZTmHL
A=(B -B 0 -I,)eRmx@dtmtl)

Then we obtain a standard SOCP in the form of the dual problem of (6.1):
: T . md d m-+1
(6.15) (srLasso) m;n {c y}Ayzb,yElC.—RerRerIC + }

Next, we would test the reformulated problem (6.15) using SDPT3, Mosek, and our
linear SOCP solver on a collection of UCI dataset® which provides the data B and w. For
the choice of the regularization parameter, we follow the recent work of Tang et al. [42],
where they adopted a 10-fold cross validation to estimate the best regularization parameter.
In particular, we set the parameter A\ = co®~1(1 — 40%))\0, with ¢ = 1.1.

The choice of A\, and computational results are both presented in Table 6.3. From the
table, we observe that the three SOCP solvers can successfully solve all the instances. In terms
of efficiency, we can see that the ALM has better performance than Mosek while SDPT3 is
less efficient.

TABLE 6.3
Computational results for square-root Lasso problems on UCI dataset.

SDPT3 Mosek ALM
problem Ac | nnz it|time|Kkkt it|time|kkt it(newton)|time|kkt
E2006.test 0107 | 1 | 13]102.8]83e-10 | 14]16.6 | 3.1e-11 | 4(7)|3.8]2.76-09

pyriln.gzsz;);c;(l;;f;;ndedf) 0.619 | 48 | 42(32.4]2.6e-10 | 26| 11.8]1.9¢-09 | 4(61)|10.2|2.5¢-09
abalone(.;i;ig:;;;)andedY 0.020 | 32 | 22]83.1]22e-09 | 14|44.1]6.3e-10 | 12(37)]23.2|5.0e-09
bodyfaé;f;i?;i})anded7 0.067 | 15 | 34|42.7|3.4e-10 | 20 |34.1|8.5e-09 |  4(57)|5.9 | 7.5¢-09
housing(.;lzié?iganded7 0433 | 52 | 30|54.9]1.2e-09 | 20 |47.2]4.8e-09 |  8(52)|4.6|2.1e-09
mpg.s%éggi%inded7 0253 | 28 | 23]2.0]55e-10 | 13]1.3]1.2e-09 | 10(35)|0.7 | 8.4e-09

space.ga.scale.expanded9 | 0.058 | 16 22|42.5]3.1e-09 | 11|22.0] 1.3e-08 6(27)]7.9 | 2.5e-10
(3107,5005)

6.6. Numerical experiments on Dimacs Challenge problems. In this subsection, we
test each algorithm on the linear SOCPs in DIMACS Challenge®*. These instances are com-
monly used to evaluate the efficiency and accuracy of linear SOCP solvers, and they are quite
challenging to solve since many of the instances are highly degenerate.

The computational results are presented in Table 6.4. From the table, we observe that
the three methods are able to solve all the instances to the desirable accuracy except for the

3https://archive.ics.uci.edu/
“http://archive.dimacs.rutgers.edu/Challenges/Seventh/Instances/
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last few instances. For the computational time, we see that ALM takes a longer time than
Mosek and SDPT3 for solving many of the instances, especially the last few instances for
which the ALM takes over 1000 Newton iterations to converge. Those instances, as far as we
know, are highly degenerate, and it is the degeneracy that causes the slow convergence of the
semismooth Newton method. This observation indicates that the ALM may perform poorly
on degenerate problems. Finally, based on the presented numerical results, SDPT3 is also
observed to be a highly efficient and robust solver for the DIMACS Challenge problems.

TABLE 6.4
Computational results on DIMACS Challenge problems.

SDPT3 Mosek ALM

Problem it|time|kkt it|time|kkt it(newton)|time|kkt
b 23]043.1¢00 | 10]04]8.1e:09 11(46) | 1.0] 2.8¢-12
nbL1 30(4.0]1.7e-09 | 12]0.3 | 1.3e-09 22(62) | 4.9 | 1.5e-12
nbL2bessel | 20]0.4]9.6e-10 | 8]0.2]2.4e-13 8(15) | 0.3 | 1.9e-09
nbL2 15/0.3]3.1e09 | 803 ]2.2e-10 11(49) | 1.0 | 3.8¢-10
ngl30new 26| 1.0 | 4.3e-10 16 0.3 | 1.8e-10 38(104) | 1.7 | 9.6e-09
ngl60new 2745|19e-10 | 17]1.0]9.2e-11 38(109) | 7.7 | 7.9¢-09
nql180new | 33]40.4 |6.1e-11 | 21|10.4]6.8e-10 |  33(126) | 95.5 | 8.9¢-09
gssp30new | 20]0.7]3.9e-10 | 13]0.3]5.5e-11 13(42) | 1.0 | 7.7¢-09
qssp60new 23 3.6 |4.5¢-10 13]0.8 | 1.9¢-10 21(60) | 7.0 | 6.9¢-11
gsspl80new | 29 |54.5 | 8.1e-10 | 19| 12.8 | 9.3¢-10 21(69) | 88.1 | 9.6-09
sched5050s | 2709 |1.4e-09 | 21]0.3 ]| 2.6e-08 13(44) | 0.5 | 9.2¢-09
sched10050s | 29|1.7]7.7e-08 | 20]0.4]5.0e-07 | 67(1381)|30.1 | 2.5¢-09
sched100100s 28 14.0]9.1e-09 2310.8|2.4e-06 | 100(1597) | 39.3 | 1.7¢-06
sched200100s | 36| 12.7 | 1.0e:07 | 24|1.5]53e-08 | 52(1119)]59.5 | 7.5¢-09

7. Concluding remarks. In this paper, we have employed the inexact ALM to solve
convex quadratic second-order cone programming problems (SOCPs). Under the quadratic
growth condition, the KKT residual is shown to possess a R-superlinear convergence rate
based on recently developed results in the related topics. We also provide sufficient condi-
tions for the quadratic growth condition to hold. Numerically, a practical SOCP solver is
designed and implemented based on the proposed semismooth Newton-based ALM. Exten-
sive numerical results on solving various classes of SOCPs demonstrate that our solver is
highly efficient and robust. It has comparable performance to the highly powerful commer-
cial solver Mosek and outperforms the well-known open source semidefinite-quadratic-linear
programming solver SDPT3 on the tested problems. With fruitful applications of SOCPs
in many fields, we believe that our solver could serve as a promising toolbox for solving
large-scale SOCPs in real-world applications.
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