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e study the use of advance purchase discount (APD) contracts to incentivize a retailer to share demand information

with a dual-sourcing wholesaler. We analyze such contracts in terms of two practical considerations that are
relevant in this context but have been overlooked by previous work that has largely studied the direct offer of APD to
customers: the retailer’s information acquisition cost and the wholesaler’s limited information about that cost. The whole-
saler’s limited knowledge of the retailer’s cost leads to a departure—from the normal “full observability” APD design—
that is asymmetric and depends on the extent of unobservability; if the uncertainty is small (resp., large) then the optimal
discount is higher (resp., lower) than in the case of full observability. An APD contract that ignores the retailer’s cost or
the wholesaler’s uncertainty about it will yield fewer benefits for the wholesaler and the supply chain. We offer a numeri-
cal illustration (calibrated on real industry data) establishing that for a representative product, an APD contract can
improve the wholesaler’s profit margin by as much as 3.5%.
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retailer to place an order well in advance of the peak
sales period, allowing the wholesaler to infer the
Supply-demand mismatches of products with short  retailer’s private information about demand from this

1. Introduction

life cycle, e.g., apparel, electronics, vaccines, etc., are a early order quantity and thereby improve his own
central issue in operations management. Typically, sourcing and production decisions. (To facilitate the
the wholesaler of such products outsources the pro- exposition we use masculine and feminine pronouns
duction overseas, accompanied by a much smaller  for the wholesaler and retailer, respectively.)

scale local production with a higher production cost Although new technological advances (such as

and shorter lead time. Wholesalers need to make internet websites, electronic cards, smart cards, etc.)
ordering decisions for the overseas production well =~ have made it easier to implement APDs between
before the realization of the actual demand, with only firms and end customers (Boyaci and Ozer 2010,

very limited demand-relevant information at hand. McCardle et al. 2004, Shugan and Xie 2004), such cus-

Retailers, on the other hand, often have access to tomer-specific technologies have had little impact on
better demand information than do upstream agents the relationship between the upstream wholesaler
in the supply chain, thanks to their direct relationship and the downstream retailer, where the use of APD
with customers. One promising solution in these con- contracts is rarely documented. In such cases, a sim-

texts is for the wholesaler to develop mechanisms for =~ ple wholesale price contract (Cachon and Lariviere
acquiring information from the retailer. Operations 2005, Kalkanci et al. 2011, Lovejoy 2010) or more spe-
academics have suggested a variety of contracting cialized contracts (Dai et al. 2016) are often preferred.

schemes designed to achieve honest information shar- Compared with advance selling contracts between
ing within a supply chain, including return and rebate the retailer and end customers, APD contracts
contracts (Taylor and Xiao 2009), contracts with com-  between the wholesaler and the retailer are often

mitment and options (Cachon and Lariviere 2001, more difficult to implement, and these challenges
Ozer and Wei 2006), and advance purchase discount arise mainly due to the difference in the offer recipi-

(APD) contracts (Cachon 2004, Donohue 2000, Ozer ent in these two cases—the end customers receive the
and Wei 2006, Ozer et al. 2007). Among them, a typi- offer in the former case, whereas in the latter case the
cal APD contract should in theory incentivize the retailer receives the offer. Unlike the end customers
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(who are the essence of demand), the retailer is sel-
dom endowed with demand information and must
incur additional costs to obtain it. These costs are
reflected not only in gathering the raw data (e.g.,
through conducting preseason merchandise tests and
customer surveys; purchasing relevant sales or con-
sumer data from third parties; installing item tracking
and decision support systems such as barcodes, elec-
tronic data interchange, and radio frequency identifi-
cation; and/or implementing various customer
loyalty programs), but also in the time and resources
devoted to analyzing data, consulting internal or
external experts, and making relevant decisions
(Aiyer and Ledesma 2004, Guo 2009, Hays 2004, Tay-
lor and Xiao 2009). Furthermore, unlike direct cus-
tomers who can be viewed as a large crowd and are
often modeled as a population of infinitesimal agents
that can be reasonably well characterized by a
demand function, each retailer acts strategically, and
thus has her own objective function that determines
whether she should acquire information and partici-
pate in the proposed APD scheme. Therefore, if the
discount is not properly tailored, the retailer might
not have enough incentive to acquire information—
owing, for example, to the additional costs that the
retailer must incur to obtain demand-relevant infor-
mation from the end customers. This discrete nature
also complicates the upstream wholesaler’s decision
about how large a discount to offer. Last but not least,
in practice these costs will depend on the retailer’s
internal mechanisms, organizational inertia, and
other costs that are not visible to the wholesaler (Cor-
bett 2001, Corbett and de Groote 2000, Corbett et al.
2004, Gurnani and Tang 1999, Ha 2001). These uncer-
tainties pose additional challenges to the wholesaler,
and make it even more difficult to successfully imple-
ment the APD scheme.

We propose an APD scheme that takes these consid-
erations into account. In contrast to existing research,
our design controls for the retailer’s additional efforts
to gather and process information and assumes that
this cost is unobservable to the wholesaler. Further-
more, we explicitly model the retailer’s decision
whether or not to acquire information and participate
in the APD scheme. We offer the following practical
guidelines for a wholesaler setting an advance pur-
chase discount: (i) First of all, the retailer’s cost needs
to be taken into account—an arbitrarily small discount
is not acceptable. (ii) Moreover, the size (e.g., mean,
range, first-order dominance) of the retailer’s cost esti-
mate alone is not adequate to determine an optimal
discount—it is possible that a higher estimate leads to
a lower discount due to the uncertainty about it. (iii)
To cope with the uncertainty about the cost estimate,
when the wholesaler is moderately uncertain about
the retailer’s cost, a higher discount should be given to

increase the chances of the retailer's information
acquisition; whereas when the uncertainty is fairly
large, a lower discount is optimal.

Our results indicate that if the APD contract design
ignores the retailer’s information acquisition cost or
the wholesaler’s uncertainty about it, fewer benefits
will accrue to the supply chain agents than would
otherwise be the case. This finding may explain the
limited use of APD contracts in practice, and provide
new insights for better implementation of the APD
scheme. Specifically, a wholesaler who does not
account for the retailer’s information acquisition cost
will likely offer a discount that is insufficient to induce
the retailer to acquire information. Furthermore,
ignoring the uncertainty about the retailer’s cost leads
the wholesaler to offer a discount that could either be
too low (in which case the retailer has no incentive to
acquire information) or too high (in which case the
benefit to the wholesaler is suboptimal).

To illustrate the APD implementation and to esti-
mate the potential benefits of following our prescrip-
tions, we provide a numerical study and estimate the
revised APD scheme’s benefits for the wholesaler and
discuss practical issues associated with its implemen-
tation.

2. Motivating Examples

Our work is motivated by several examples across
different industries. In the apparel industry, Costume
Gallery is a New Jersey—based dance costume whole-
saler that sells through dance schools to students and
employs a combination of cheaper China-based sour-
cing and more expensive local production (Girotra
and Tang 2009, 2010). The primary selling season for
its products is in late April, and to meet this demand
Costume Gallery must place its offshore production
order in early February with very limited knowledge
of what the demand might be for each costume.
Hence in any given year, Costume Gallery is unable
to sell as much as 35% of its stocked inventory and
must produce as much as 20% of its sales using the
more expensive in-house production resources. On
the other hand, by the time Costume Gallery places
its overseas production orders, a dance school already
has some information that is useful for estimating the
future demand for each costume SKU—such as what
the dance theme would be in the late April perfor-
mance and how many students in total are currently
enrolled. This important information can potentially
be conveyed to Costume Gallery if the dance school
can place its order before Costume Gallery’s China
production order. However, that would not happen
in the normal course of business. First of all, even for
the dance school, there still remains considerable
uncertainty on the final demand, mostly resulting
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from factors such as wunfinished choreography,
design, and allocation of roles, potential changes on
the dance theme, students’ costume sizes, and stu-
dents’ role assignment. Furthermore, dance school
teachers must incur costs to obtain this information.
For example, they need to finalize the choreography,
design, and role assignments as well as decide on the
best costume for each role in a time frame much tigh-
ter than before (when no such information acquisition
was needed). The teachers must also measure the size
of each student performer. In addition, the remaining
uncertainties also make it challenging to estimate the
future demand for different styles and sizes of cos-
tumes. This task requires careful thinking and deliber-
ation that is based on currently available information
but acknowledges the possibility of future deviations
and their likely effects. Therefore, without specific
incentives, dance school teachers would prefer wait-
ing to place their orders only in April.

Managing the production of flu vaccines has similar
challenges. Vaccines are known to have short life
cycles since the prevalence of virus strains changes
every year. The traditional egg-based production
method is relatively cheaper and can take a long time,
and hence manufacturers must start planning for pro-
duction far in advance of the selling season (Chick
et al. 2008, Dai et al. 2016, Heinrich 2001, O’Mara
et al. 2003) with very little idea of what the future
demand will be (Williams 2005). At the same time,
manufacturers also employ faster and more costly
cell-based production to cater to sudden increases in
demand such as in the event of a pandemic (Health
Sciences Authority 2009). As a result, mismatches of
demand and supply occur regularly, and manufactur-
ers have been found to rely on flawed heuristics when
making their production decisions (Cachon and Ter-
wiesch 2006, Rudi and Drake 2014). On the other
hand, retailers such as government bodies, clinics,
hospitals, health departments, senior centers, and
large grocery chains are often better informed than the
manufacturers about local medical facilities, demo-
graphics, the medical history of potential vaccine
receivers, state policies that determine which popula-
tions and how many people should be vaccinated, and
the prevailing local view for or against vaccination.
This information can potentially be conveyed to the
vaccine manufacturers if the retailers can place their
order before the start of the production. However, the
retailers do not have incentives to do so—aside from
having to bear demand risk themselves in this case, to
collect this information, retailers also need to incur
costs. Therefore, in order to motivate retailers to place
early orders and thereby to benefit from precious early
demand information, vaccine manufacturers need to
design proper incentives, by taking into account retail-
ers’ uncertain information acquisition cost.

In the electronics industry, a similar problem was
faced by Xiaomi, a Chinese electronics company,
when it first entered the Indian market in July 2014
and sold smartphones through the online megastore
Flipkart. Xiaomi’s primary production is in China,
where the production is cheaper but takes a longer
time (due to its large scale, further distance from
India, and international shipping constraints). Con-
currently, Xiaomi also produces locally at a much
smaller scale and higher cost to cater to last-minute
orders. Although familiar with its native Chinese
market, Xiaomi knew little about India and had very
little idea about demand when making decisions
about its production in China. On the other hand,
Flipkart in India knew better than Xiaomi what
appearance, capacity, and functionality of smart-
phones would appeal most to local consumers. Such
information could potentially be conveyed to Xiaomi
if Flipkart can place its order before the start of the
production. However, Flipkart also faces demand
uncertainties and incurs costs from acquiring and
consolidating this information, and therefore it has no
incentive to collect this information or placing an
early order.

The above three examples across the apparel, vac-
cine, and electronics industries all point to the useful
private demand information accessible to the retailer,
and the retailer’s cost to obtain it. On top of that, since
the wholesaler would know little about the cost struc-
ture within the organization of the retailer, he has
little idea about the exact cost incurred by the retailer
in order to obtain this information. These two factors
constitute barriers to effectively implementing an
APD scheme between a wholesaler and a retailer.
Without taking them into account, retailers cannot be
properly incentivized to place an early order, and
therefore fail to convey the useful demand informa-
tion—through the early order—to the wholesaler.

3. Related Literature

This study brings together and augments the litera-
ture on information sharing and advance purchase
discount contracts.

3.1. Literature on Information Sharing Contracts

The pioneering work in this domain includes the
well-known case of Sport Obermeyer (Fisher and
Raman 1996, Fisher et al. 1994, Hammond and Raman
1994). Note that in the papers cited, the downstream
agent’s superior demand information is presented to
the upstream agent as a matter of course. Our model
builds on the basic setup described in the Sport Ober-
meyer case. However, instead of studying the value
of information sharing, we focus on how to facilitate
information sharing from the downstream to the
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upstream agent; this is a key issue in many business
settings, including those in our motivating examples.

Previous work has identified different types of con-
tracts that achieve the same goal in other contexts;
these include return and rebate policies (Taylor and
Xiao 2009), contracts with commitment and options
(Cachon and Lariviere 2001, Ozer and Wei 2006), and
wholesale price contracts under confidentiality stipu-
lations (Li and Zhang 2008).

In terms of supply chain structure, our proposed
APD contract is designed to encourage information
sharing between a dual-sourcing wholesaler and its
retailer. In particular, unlike the stylized economic
model of Li and Zhang (2008), which abstracts from
the supply chain’s internal physical flows, we model
individual agents in the supply chain as being able to
carry physical inventories and as facing the risk of
over- or undersupply. Unlike the single-source capac-
ity reservation model of Ozer and Wei (2006), our
study applies to settings where insufficient produc-
tion capacity does not play a major role. And in
contrast to Cachon and Lariviere (2001), in our model
the upstream agent who needs the demand informa-
tion (not the downstream one) offers the contract. As
for the specifics of contract design, our proposed APD
contract differs from that of Ozer and Wei (2006)—
who also consider a time-sensitive discount contract
in a context of restricted production capacity—by
endogenizing a previously exogenous contract
parameter; namely, we identify the precise discount
(in the APD contract) that optimally incentivizes a
self-enforcing policy of information sharing. The pro-
posed contract is simple and intuitive, since offering a
discount for timely action often occurs in business,
which makes it easier to introduce APDs within the
constraints of an existing business culture.

Importantly, our model incorporates two practical
concerns. First of all, it appropriately controls for the
retailer’s potential information acquisition cost. Fur-
thermore, it explicitly considers a major practical con-
straint: the upstream agent’s limited knowledge of
the downstream agent’s cost. We accommodate this
limitation by offering actionable prescriptions and
appropriate contract designs.

In short, the mechanism that we describe to facili-
tate information sharing differs from those proposed
previously in terms of the applicable context, the sim-
plicity and intuitiveness of the contract, and its
robustness to realistic constraints.

3.2. Literature on Advance Purchase Discount
Contracts

Advance purchase discounts or, more generally
speaking, advance selling was first studied as direct
offers from a retailer (or a manufacturer) to the end
customers, aimed at obtaining advance demand

information or implementing price discrimination
policies (Boyaci and Ozer 2010, Gundepudi et al.
2001, Li and Zhang 2013, McCardle et al. 2004, Prasad
et al. 2011, Tang et al. 2004). More relevant to our
study is the literature on APDs offered within a sup-
ply chain. The utilities and incentive structures of
agents in a supply chain are usually assumed to differ
from those of the end customers, leading to signifi-
cantly different analyses and implications. In particu-
lar, supply chains involve issues of risk distribution
and incentive coordination that are not relevant in the
retailer—customer APDs. The pioneering works of
Donohue (2000), Cachon (2004), and Ozer et al. (2007)
identified these concerns. However, neither Donohue
(2000) nor Cachon (2004) addresses the information
asymmetry between different supply chain tiers (i.e.,
upstream vs. downstream agents). Ozer et al. (2007)
do consider information asymmetry, but the down-
stream agent’s private information is not shared
within the supply chain. The recent work of Cho and
Tang (2013) also investigates the option of advance
selling in a supply chain that is characteristic of the
flu vaccine industry, but the advance selling price is
not necessarily lower than the regular one, and, more
importantly, there is no information asymmetry
between the two tiers.

4. Model Setup

In this section, we introduce a stylized model that
captures the characteristics of our focal business set-
ting and then discuss the implementation of an
advance purchase discount contract.

4.1. Supply Chain Setup and the Information
Environment

As in Figure 1, consider a wholesaler that sells a short
life cycle product through a retailer. The retailer
sources the product from the wholesaler with a nearly
instantaneous lead time and then sells it in the market
at a unit price p. We use D to denote the retailer’s
(selling season) demand.

Following Li and Zhang (2008), we assume that
market demand D is normally distributed with mean
1o and variance o3 = 1/p, where p denotes the preci-
sion of this prior demand distribution. At some point
into the natural process of business, private informa-
tion about the market becomes accessible to the retail-
er. We model this private demand information as a
signal Y of demand; we assume that YID is dis-
tributed normally with mean D and finite variance
1/t. The signal is thus an unbiased estimate of the true
demand, where t can be interpreted analogously as
the precision or quality of the retailer’s market knowl-
edge. We also assume that the retailer utilizes the
information signal in a Bayesian fashion (Winkler
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Offshore Source

Setup of Supply Chain

Demand

Prior Distr Signal Distr

(I-y)ec

Local Source

Wholesaler » Retailer

Price  D~N(uo,00°) Y[D~N(D,1/t)

Posterior Distr

C

1981). Hence, once the retailer, who has access to this
private information signal, obtains it, she can use it to
update the common prior on the demand distribution
and thereby obtain the private posterior distribution
of demand, DY, which is distributed normally with
mean u = (pyy + tY)/(p + t) and variance ¢* = 1/
(p +1t).

We assume that the retailer incurs cost k if she
acquires the private demand information. It is a com-
mon assumption in the information-sharing literature
that when the “informed” party has access to, but is
not endowed with, the information, a fixed amount of
cost will be incurred in order to obtain the informa-
tion (Daughety and Reinganum 1994, Gabaix et al.
2006, Kurtulus et al. 2012, Taylor and Xiao 2009). Such
costs reflect the time and attention required of the
retailer to gather relevant information, conduct analy-
sis, consult internal or external experts, and make rel-
evant decisions (Aiyer and Ledesma 2004, Guo 2009,
Hays 2004, Taylor and Xiao 2009). We assume
throughout that the wholesaler is uncertain about the
retailer’s information acquisition cost (Corbett 2001,
Corbett and de Groote 2000, Corbett et al. 2004, Gur-
nani and Tang 1999, Ha 2001) and in section 5.2 we
specify how this uncertainty is incorporated into the
model.

The wholesaler can potentially acquire these prod-
ucts from different sources, each with a different
delivery lead time and associated costs. To simplify
the analysis, we consider two extreme alternative
sources for the product: it can be sourced (a) at unit
cost ¢ from a local source with a nearly instantaneous
lead time, or (b) at unit cost (1 — y)c, where

D|Y~N(u, 6%)

7 € (0, 1), from an offshore source with a significantly
longer lead time. In particular, any order from the
offshore source must be placed well ahead of the
product’s selling season and so entails a make-to-
stock inventory strategy. In contrast, a make-to-order
strategy may be employed with respect to the local
source. We assume that all the parameters described
here, except for the private information signal Y, are
common knowledge to both the wholesaler and the
retailer.

4.2. Advance Purchase Discount Scheme

We propose an APD contract whereby the wholesaler
offers the retailer an opportunity to place an order in
advance of the selling season at a discounted price of
(1 — dw for ¢ € [0, 1]. The retailer may choose to
acquire the private demand information Y at cost k,
participate in the APD scheme, and purchase a certain
quantity gqr during the preseason at this discounted
price.

Alternatively, the two parties may consent to an
exogenously given, conventional wholesale price con-
tract. In this case, the wholesaler does not offer the
retailer an opportunity to place an advance order, and
the retailer orders an amount equal to the realized
demand. We use the wholesale price contract as a
benchmark: the wholesaler (resp., retailer) compares
the outcomes from implementing the wholesale price
contract and the advance purchase discount contract,
and then decides whether to offer (resp., acquire
information under) the APD contract.

The sequence of events under the APD contract is as
illustrated in Figure 2. In advance of the selling

Figure 2 Sequence of Events: Advance Purchase Discount Contract
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at (1-y)c

local source at ¢ and profits

|

If Information acquisition decided, ! (D-qr)"

then k incurred, Y observed, and qg | ordered

ordered at (1-8)w I atw

PRESEASON | SEASON
0 >
" APD contract qw ordered from | (D-qw)’ Sales,
offshore source ordered from delivery,

|
|
|



Tang and Girotra: Advance Purchase Discounts

1558 Production and Operations Management 26(8), pp. 1553-1567, © 2017 Production and Operations Management Society

season, the wholesaler proposes the APD contract
with discount 6. The retailer decides whether to
acquire information or not. If the retailer does so, she
incurs cost k to gather the private demand information
Y that is accessible to her. She then uses that informa-
tion to update the common prior on the demand dis-
tribution (note that once the retailer acquires
information, she will always be better off using her
private information about demand), thus obtaining
the posterior distribution of demand D | Y; and orders
gr units at price (1 — é)w. On the other hand, if the
retailer decides against it, she orders ggro at the dis-
counted price. After observing the retailer’s order, the
wholesaler places his order gw from the offshore
source at a unit cost of (1 — y)c. Once demand D is
realized, the retailer places an additional order of
(D — gr)" units at price w. The wholesaler then places
orders (D — qw)" from the local source when the off-
shore orders cannot satisfy all the realized demand.
Finally, the delivery and payments are made and the
retailer sells the product at unit retail price p.

5. Analysis

In this section we analyze the model introduced in
section 4. Our aims are to illustrate the optimal strate-
gies for—and benefits of—employing the advance
purchase discount scheme (sections 5.1-5.3) and to
examine the effect of the two practical concerns over-
looked by previous research (section 5.4).

5.1. Retailer’s Strategies
Under the APD contract, the retailer’s strategy during
the selling season follows directly from the setup
described in section 4: the retailer simply orders from
the wholesaler any quantities that are still needed to
meet her realized demand. The preseason stage of the
game is more interesting. Given a discount 9, if the
retailer acquires information then her objective func-
tion is

max Ep (pD' — w(1 — 8)qr — w(D' —qr)" — k), (1)

R

where gr denotes the retailer’s order quantity and
D’ = DJY denotes the demand after observing signal
Y. On the other hand, if the retailer decides against
information acquisition, she does not update her
demand information nor incurs any cost, and her
objective  function = becomes  maxg,, Ep(pD —
w(1 — 8)gro — w(D — qro)”). The following lemma
characterizes the retailer’s strategy in response to the
wholesaler’s offer. To avoid trivial cases where a retai-
ler never finds it appealing to acquire information due
to her high information acquisition cost, we limit the
retailer’s cost to k < k, where k = w¢(0) (69 — o).
(All proofs are given in the Appendix to this paper).

Lemma 1. A retailer always prefers the APD contract to
a wholesale price contract. Furthermore, when the discount
offered by the wholesaler is neither too small nor too large,
that is, when 5 < & < 0), the retailer acquires information
and orders quantity qgr; otherwise, the retailer does not
acquire information and orders qgro. Here

qr =pt + 0Zs,qpo = Mo + 00Zs, and
8,6 ={olwe(z)(c0 — o) =k},
where ¢(-) and D(-) are, respectively, the pdf and cdf of

the standa_rd normal distribution, zs = <D’]((3), and 0 <
d<i<o<l

(2)

The retailer’s decision consists of two steps:
whether to acquire information and how much to
order. We demonstrate the existence of a range of dis-
counts [3, 0] such that the retailer acquires informa-
tion only if the discount offered by the wholesaler is
within the range; otherwise, the option of not invest-
ing in demand forecasting is more appealing to the
retailer. We refer to the lower bound ¢ as the retailer’s
minimum acceptable discount (MAD). Not surpris-
ingly, the threshold level is increasing in k; thus, as
the retailer’s cost of acquiring information increases,
a deeper discount is required.

Recall that if the retailer decides to acquire informa-
tion, then she chooses her order quantity on the basis
of all available information. In particular, she uses her
private information about demand to update the com-
mon prior and then uses the resulting posterior esti-
mate of demand. This leads to an expression for gg in
Equation (2) that is a function of the posterior esti-
mate. Recall that y, the posterior estimate of the mean
of the demand distribution, is a function of Y; hence
the retailer’s order quantity gr is a fully invertible
function of her private signal Y. So by observing the
retailer’s order, the wholesaler can accurately infer
that private signal.

5.2. Wholesaler’s Strategies

The wholesaler’s preseason strategy also consists of
two key decisions: what discount ¢ to offer, and how
many units gw to order from the offshore source.
These decisions must be made while bearing in mind
the retailer’s reaction to the offered discount. Assum-
ing that the retailer acquires information with dis-
count J and the retailer’s early order quantity gz, the
wholesaler’s objective function is

max Ep (w(1 — 6)gr + w(D' —qr)" —c(1 — y)qw
—c(D' — qw)+).

The next lemma characterizes the wholesaler’s opti-
mal order quantities and the resulting benefits from
the implementation of the APD scheme.
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Lemma 2. Given discount 6 and that the retailer
acquires information, the wholesaler would order qw =
u + oz, with resulting expected benefits from the APD
scheme

Aw = — wd(z5) 1y + wap(zs) + k,

. (3)
where k =c¢(z,) (o0 — o).

Several effects compose the wholesaler’s expected
benefits: (a) By availing themselves of the APD, the
average transfer price between the wholesaler and
the retailer is reduced; this effect is captured by the
term w®(z;) . (b) In availing herself of the APD, the
retailer signals to the wholesaler her private informa-
tion about demand, which the wholesaler can utilize
to update his demand forecast and reduce its vari-
ance from o3 to ¢2. This allows the wholesaler to bet-
ter match his overseas order with the market
demand and thereby reduce the demand-supply
mismatch costs, as captured by the term
k = c¢(z,)(o0 — o). Therefore, here k can be consid-
ered as the value of information to the supply chain.
(c) Finally, in availing himself of the APD, the whole-
saler ends up transferring some of the oversupply
risk to the retailer, reducing his oversupply risk by
the same amount. This is captured by the term
we(z5)o. A similar risk-transfer effect is captured by
the model in Cachon (2004), but its lack of informa-
tion asymmetry means that there is no interplay with
the information effect.

Note that whereas a better informed retailer will
be more beneficial to the wholesaler in (b) getting
better demand information, it serves the opposite in
(c) the risk-sharing aspect—a worse informed retailer
can share more supply—demand mismatch risk with
the wholesaler. Therefore, whether a better- or
worse-informed retailer will be preferred by the
wholesaler depends on how important the two
aspects—information and risk sharing—are, respec-
tively, to the wholesaler. The importance or weight
of these two aspects is captured by we¢(zs) and
cp(z,). We will show in section 5.3 that once we
internalize the wholesaler’s optimal discount deci-
sion, we will always have that w¢(zs) < c¢(z,), that
is, as long as it is optimal for the wholesaler to offer
the APD scheme to the retailer, he values informa-
tion more than risk sharing.

To optimize such benefits, the wholesaler faces a
trade-off between the likely results of a deeper dis-
count and a more modest one. A modest discount
yields more benefits to the wholesaler from the APD
scheme but reduces the likelihood of the retailer
acquiring information; a deep discount increases the
chances of information acquisition, but at the cost of
reduced benefits for the wholesaler. Intuitively, if the
wholesaler can fully observe the retailer’s cost, then

he is able to calculate the retailer's MAD and set the
discount just high enough to induce her to acquire
information; he then orders based on the information
inferred from the retailer's advance order quantity.
However, his uncertainty about k complicates the
decision.

To characterize the wholesaler’s uncertainty about
the retailer’s cost k, we assume that in the whole-
saler’s subjective belief, k follows a distribution with a
general pdf g(-), a cdf G(-), and positive support in the
interval [A, B]. We also assume that the pdf of the
distribution is log-concave; this assumption is not
restrictive because it includes most common distribu-
tions such as the Weibull, gamma, normal, truncated
normal, truncated logistic, uniform, and many other
discrete distributions (Rosling 2002). Under such
assumptions, the wholesaler’s expected benefit from
the APD scheme becomes

EcAw(8) = Prob(we(z;)(c0 — @) — k > 0)(~b(zs )y
+wi(25)0 + cd(z,) (00 — 7))
+ Prob(we(zs) (69 — 0) — k<0)(—D(z5)
“ Wiy + we(25)00) (4)

where the first part denotes the wholesaler’s
expected benefit from the APD scheme when the
discount ¢ is large enough to induce the retailer to
acquire information; the second represents the case
when it is not, such that the wholesaler endows the
retailer with the discount benefit but is rewarded
with only the risk-sharing benefit, which is not
enough to justify the discount given.

Intuitively, the wholesaler’s strategy can be charac-
terized as follows. Let 0" = argmax,_; S%[EkAW(é),

where EtAw(0) is defined as in Equation (4). If 6" is
such that EtAw(0") is non-negative, then the whole-
saler offers the APD scheme with discount ¢": if the
retailer does acquire information under such a dis-
count, the wholesaler places an offshore order based
on the updated belief about demand, D'; otherwise,
the order is placed based on the prior demand distri-
bution. On the other hand, if E,Aw (") is negative, the
wholesaler does not offer the APD scheme, and the
wholesale price contract assumes.

In order to find the solution of 6" = argmax,_, <1
ExAw(9), we first define k* = w¢(zs5)(op — o). In gen-
eral, w¢(zs)(o9 — o) is the value of information to the
retailer for discount J, and w¢(zs)(ap — o) = k
defines a one-to-one relationship between ¢ and k, for
0<o< %and k< min(lz, k). Therefore, the optimiza-
tion problem can be cast in terms of k, and once k* is
obtained, we can find the optimal discount 6* through

5 = {5 | we(z5) (00 — 0) = k*, 0 < %} (5)
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5.3. Equilibrium Outcome

The equilibrium outcome follows from the strategy
profiles just described for the retailer and the whole-
saler. Our next proposition formalizes this outcome.

ProrosiTioN 1. When ExAw(0") is non-negative, the
tuple of actions {6", qx, qiy} characterizes a perfect Baye-
sian equilibria of the setup just described, where

g =lk<ie (1 + 025 ) + L 1 (Mo + 00z ) and
Jw =k<i (U + 0z,) + Lk > 1 (g + 002y)

The equilibrium benefits from the APD scheme for
the retailer, the wholesaler, and the supply chain are,
respectively,

Ax =Tj<p (w(I)(Zg(k*))ﬂO —wo(z5)0 — k)
+ 1p o e (WD(z sty — wh(257 )00,
Ay =< (—w®(z5 ) g + wp(z5 )0 + k)
+ Lis e (—w® (25 ) g + wh(25)00),
A =Tg < (k—k)>0.

Here zg = ®'(8%) and z, = ®7'(y). On the other
hand, if Equation (4) is negative under 6", the wholesaler
does not offer the APD scheme, and the wholesale price
contract assumes.

Since the retailer’s cost k is unobservable, the
wholesaler assumes that her true cost is k* and offers
an APD contract that reflects this estimate. This esti-
mate, k*, can be interpreted as the certainty equivalent
of the retailer’s uncertain cost. The retailer always
shares supply-demand mismatch risk with the
wholesaler in exchange for a discounted wholesale
price; furthermore, if k* > k, then the retailer acquires
information, and improves her own demand forecast
so as to share less risk with the wholesaler, at the cost
of k. The wholesaler, on the other hand, always loses
the discounted margin to the shared risk; if k* > k
then he gains from better demand forecast and inevi-
tably allocates less risk to the retailer. As a result, the
supply chain positively benefits from the APD
scheme when the wholesaler manages to incentivize
the retailer’s information-acquisition behavior.

Note that under the equilibrium, we also have
0" < v, that is, the optimal discount set by the whole-
saler is always no larger than the discount that the
wholesaler can get from the offshore production sou-
rce. This is because that one necessary (though not suf-
ficient) condition for k* is that k* = w¢(zs)(a9 — )
<k = c¢(z,)(00 — o), that is, it is optimal for the
wholesaler to offer the discount to the retailer when
he considers her information acquisition cost to be
no higher than what the information is worth to the
entire supply chain. And then ¢* <y follows from

the fact that w > ¢ and 6" < 1. This condition then
naturally ensures that the wholesaler’s early produc-
tion order qj, will always be no smaller than the
retailer’s early order gj.

5.4. Impact of Practical Concerns

In this section we analyze how an APD scheme’s
implementation is affected by the two considerations
described previously: the retailer’s information acqui-
sition cost, and the wholesaler’s uncertainty about
that cost.

5.4.1. Information Acquisition Cost. If the whole-
saler has full knowledge of the retailer’s cost k, then
he can compute her MAD as in Equation (2) and set
the discount just high enough to induce her to
acquire information. Thus the optimal discount is
strictly a function of k's magnitude. A lower k imp-
lies a lower optimal discount, and vice versa. As long
as the retailer’s cost is small enough, the wholesaler
offers an APD with discount ¢ = §, such that the
retailer’s gain from information acquisition just off-
sets her cost k.

If the wholesaler fails to account for the retailer’s
cost, then the discount he offers will not be enough to
induce her to acquire information, and hence the
wholesaler will not benefit from the implementation
of the APD scheme.

5.4.2. Wholesaler's Uncertainty about Retailer’s
Cost. When the wholesaler cannot observe k, he treats
it as a random variable with a probability distribu-
tion. In this case, the optimal discount will depend
on not only the “size” of k—e.g., mean, range, or first-
order dominance—but also other aspects of the
probability distribution. This claim is illustrated by
the following example.

Consider three retailers, each of whom has a cost k
that is unobservable to the wholesaler. For simplicity,
we suppose that this cost can be either low (k;) or high
(ky) with equal probability. Table 1 shows E[k], k*, and
0" for each retailer.

The costs for both retailer 2 and retailer 3 are, on
average, higher than those for retailer 1, and they are
also larger in the sense of first-order stochastic domi-
nance. In the absence of uncertainty considerations,
Lemma 1 suggests that the discount offered to either

Table 1 Discounts for Three Retailers with Different Cost
Distributions. The results are calculated while assuming
c=18, w=19,y=05, yp=10,060=3,and ¢ = 0.1

Retailer ki Ky E[4] k* 5*(x1073%)
1 0.1 0.2 0.15 0.2 14.28
2 0.1 0.3 0.2 0.3 22.98
3 0.1 2 1.06 0.1 6.46
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retailer 2 or 3 would be higher than the discount
offered to retailer 1. This logic holds for the case of
retailers 1 and 2, but the optimal discount offered
to retailer 3 is actually lower than that offered to
either retailer 1 or 2! In particular, not knowing the
exact cost of the retailers, the wholesaler treats retailer
1 and 2 as if their costs equal the corresponding k—
which is greater than the mean, E[k]—and sets the dis-
count accordingly. On the other hand, it is optimal for
the wholesaler to treat retailer 3 as if her cost equals
the corresponding k,—which is less than E[k]. This
example illustrates that incorporating the whole-
saler’s uncertainty about the retailer’s cost alters the
landscape of optimal discounts: neither the unknown
cost’s mean nor its first-order stochastic dominance
alone determines the optimal discount. The following
proposition defines a stricter criterion.

PROPOSITION 2. Suppose that both (k — k)g1(k) — Gi(k)
and (k — k)g2(k) — Ga(k), k <k are increasing in k,
and that (k — k)g1(k) — Gi(k) < (k — k)g2(k) — Ga(k).
Then the optimal discount, 6", is no less when k is drawn
from the distribution with pdf g»(-) than when k is drawn
from the distribution with pdf g1(-).

A larger (k — k)g(k) — G(k) implies first-order
stochastic dominance. Proposition 2 shows that the
wholesaler’s optimal discount could be ranked by the
(k — k)g(k) — G(k) of the retailer’s cost. As the retailer
becomes more difficult to please—that is, as the distri-
bution of k improves in terms of (k — k)g(k)— G(k)
(implying that a deeper discount is needed to incen-
tivize her information acquisition)—the optimal dis-
count level increases. Next we dig deeper to consider
the effect of the wholesaler’s uncertainty about k on
his optimal offered discount: in particular, should the
wholesaler offer a larger or smaller discount in the
presence of uncertainty?

Write the retailer’s cost as k = u + se; here ¢ is a ran-
dom variable whose pdf go(¢) is log-concave with
standard deviation equal to 1. Then k has cdf
G(klu, s) = Go((k — u)/s) and a decreasing reversed
hazard rate. The standard deviation of the distribu-
tion G(klu, s) is equal to s, and increasing (resp.,
decreasing) s corresponds to expanding (resp., con-
tracting) the distribution of k around u. In this sense, s
serves as a measure of the wholesaler’s uncertainty
about the retailer’s cost k. Observe that when s = 0,
the distribution of k is degenerate with the mass point
at u, then the optimal discount to offer is 6" = J(u).
The next proposition summarizes the impact of
uncertainty on the optimal discount.

ProrositioN 3. Denote by k*(u, s) the solution to Equa-
tion (A1) when k follows a distribution with cdf
G(klu,s) = Go((k — u)/s). The optimal discount is

0" = o(k*(u, s)), where 6(-) is as defined in Equation
(5). Then (i) the optimal discount first increases then
decreases in the uncertainty s. Furthermore, (ii) if s < s,
then 6° = o(k*(u, s)) > o(u), and if s > so, then 6" =
o(k*(u, s)) < 6(u). Here sp = (k — u)g0(0)/Go(0).

Proposition 3 offers the wholesaler an important
practical guideline for setting the discount when deal-
ing with a retailer about whom he has limited knowl-
edge. The key to setting the appropriate discount lies
not only in the estimate of the unobservable cost but
also in the uncertainty around it. In essence, if the
uncertainty about k is relatively small, then a higher
discount should be offered to be more sure that the
retailer acquires information. However, this increase
is not monotone: when the uncertainty is large
enough, it is actually optimal to offer a lower dis-
count. This is because when k is uncertain, the whole-
saler needs to choose between a deeper discount and
a more modest one—a modest discount yields the
wholesaler a higher margin but reduces the likelihood
of the retailer acquiring information, whereas a deep
discount increases the chances of information acquisi-
tion but at the cost of a reduced margin for the whole-
saler. When the uncertainty is small, it is within the
wholesaler’s capacity to offer a higher discount to
increase the chances that the retailer acquires infor-
mation (e.g., in the first two cases of Example 1, the
discount offered ensures that the retailer of either
type acquires information); but when this becomes a
far stretch, that is, the discount required to incentivize
the retailer’s information acquisition becomes too
high, the wholesaler would rather give up certain
information acquisition probability of the retailer to
protect his margin (e.g., in the last case of Example 1,
the discount is only sufficient to incentivize the low-
cost retailer to acquire information). Armed merely
with these two intuitive measures and the insights
from our foregoing discussion, the wholesaler is well
equipped with guidance on how to proceed when
offering APDs to his supply chain partner.

Interestingly, from the retailer’s perspective, this
proposition explicates her strategic incentive to com-
municate information about her cost. She will receive
the deepest discount when the wholesaler’s uncer-
tainty about her cost is neither too high nor too low.
In order to encourage the wholesaler to offer a high
discount, the retailer should not completely hide her
cost information from the wholesaler; doing so would
lead him to react with a safe strategy—namely, setting
a modest discount to ensure that he secures most of
the APD benefit. Yet neither should the retailer com-
municate her cost information fully, since then the
wholesaler would take full advantage and set the dis-
count equal to her minimum acceptable level (thus
minimizing the retailer’s APD benefit).
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The literature on behavioral operations manage-
ment has shown that contracts proposed by a whole-
saler who has incomplete information about the
retailer’s cost are often rejected (Katok and Pavlov
2013, Katok et al. 2014). In line with this, our model
shows that APD implementation is completely dif-
ferent in cases with vs. without the wholesaler’s
uncertainty about the cost. We conjecture that failing
to account for this uncertainty correctly—and thus
not offering a proper discount to induce the retailer
to acquire information—is a major reason why APD
contracts within the supply chain are seldom
observed in practice.

Note that if the wholesaler neglects the uncertainty
s, then, according to the discussion after Lemma 1, he
would offer a discount of d(u) = {J | we(zs)(oo
—0) = u}, where z; = ®'(5). The following corol-
lary summarizes the impact that neglecting uncer-
tainty has on APD benefits to the wholesaler, the
retailer, and the supply chain.

CoroLLARY 1. When deciding how much of a discount
to offer, if the wholesaler ignores his uncertainty about
the retailer’s cost, then he is always worse off in terms of
expected benefit. Both the retailer and the supply chain
are also worse off if that ignored uncertainty is large (i.e.,
when s > sy) but better off otherwise (i.e., when s < s).

According to Proposition 3, if the ignored uncer-
tainty is high, then the wholesaler offers a larger-
than-optimal discount (from his standpoint), which is
unnecessarily lucrative for the retailer; hence both the
retailer and the supply chain are better off in terms of
expected benefits, albeit at the expense of the whole-
saler. Yet if the ignored uncertainty is small, then both
parties (and the supply chain) are worse off owing to
the smaller-than-optimal discount. We emphasize
that the successful implementation of an APD scheme
crucially depends on the wholesaler taking this uncer-
tainty into account. Our findings suggest that neglect-
ing or misinterpreting uncertainty may explain why
—despite their potential benefits—APD schemes are
neither trivial to implement nor commonly observed
in practice.

6. Numerical Experiments

Our theoretical model suggests that, by addressing
the two practical concerns discussed in previous sec-
tions, a wholesaler can better implement his advance
purchase discount scheme; he could then elicit accu-
rate and timely information from a retailer that can be
used to improve his production decisions. In this sec-
tion, we provide a numerical study to illustrate our
analytical findings and to discuss the implementation
of the APD scheme in practice.

Assume that each product is offered to the retailer
at a price of $35 (w = 35 in our model), whereafter the
retailer sells it to a customer at a price of $40 (p = 40).
It costs the wholesaler $14 (c = 14) to produce it in-
house, but if the wholesaler outsources the produc-
tion, then the total cost—including shipping and all
other incidentals—is estimated to be $7 (y = 0.5). The
demand D from our model corresponds to the num-
ber of units requested by the retailer of a particular
type and with a particular specification. This corre-
sponds to demand for one stock-keeping unit to be
sourced. We refer to this as an order, and we refer to D
as the order size. Assume that the wholesaler’s
demand forecast is normally distributed, with a mean
of 44.3 units and a standard deviation of 19.4 units
(4o = 44.3, 09 = 19.4) and that errors in the whole-
saler’s own forecast can be reduced by about 75%
when using advance information from the retailer.
Then it follows that the posterior demand distribution
has a standard deviation that is half that of the prior
demand distribution—in other words, ¢ = 5.

Next, the wholesaler must estimate the retailer’s
information acquisition cost. This cost k depends on
the retailer’s internal mechanisms, organizational
inertia, and other processes that are invisible to the
wholesaler. The wholesaler cannot reliably estimate
such a cost, which is believed to vary widely from one
retailer to the next: some retailers are smaller in size
and have a simpler organizational structure than
others. The wholesaler also has a better sense of the
cost at retailers with which he has long collaborated
than at retailers that are new clients. To capture this
heterogeneity in retailer types, we view any given
retailer as having different estimated costs and allow
for a range of uncertainty regarding those costs.

Figure 3a shows how the equilibrium discount var-
ies with uncertainty about different estimated costs.
For a given degree of uncertainty, higher estimated
costs should correspond to a larger discount offered
by the wholesaler to induce a retailer to acquire infor-
mation in the APD scheme. In accordance with Propo-
sition 3, however, the discount is not monotonic in the
cost uncertainty. For instance, for a retailer with
whom the wholesaler has a long-term relationship,
the uncertainty is relatively small and so a deeper dis-
count (than if the wholesaler knew the retailer’s cost
for certain) should be offered in order to increase the
likelihood of that retailer’s information acquisition. In
contrast, it is safer for the wholesaler to offer a shal-
lower discount to a new retailer, assuming the same
estimated cost.

Next we examine benefits from implementing the
APD scheme. For the purpose of illustration, we take
the case where the cost estimation equals $40, and we
assume that the retailer’s real cost equals the estima-
tion, that is, k = 40. The next figure shows the benefits
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Figure 3 Effect of Uncertainty Levels on Equilibrium Discounts and Benefits. (a) Equilibrium discount 6 as a function of the uncertainty s surround-
ing estimated costs of v = 40 (x), u = 50 (+), and u = 60 (O). (b) Equilibrium benefits A* for the wholesaler (x) and the retailer (O) as
a function of the uncertainty s surrounding an estimated cost of v = 40
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for the retailer as well as for the wholesaler over a
range of uncertainty around the estimated cost.

Figure 3b shows that for the focal product with the
given specification, it is always beneficial for the
wholesaler to offer an APD scheme. Successfully
implementing the APD scheme allows the wholesaler
to increase its profit by $40 (3.5%) on average.

7. Conclusion

This study addresses two practical considerations in
information-acquiring contracts that are largely
ignored in the existing literature. First, the down-
stream retailer is not endowed with but only has
access to private information, hence to obtain it she
must spend resources and thereby incur additional
costs (Aiyer and Ledesma 2004, Guo 2009, Hays 2004,
Taylor and Xiao 2009). Second, those costs depend on
the retailer’s internal mechanisms, organizational
inertia, and other costs that are not visible to the
wholesaler (Corbett 2001, Corbett and de Groote 2000,
Corbett et al. 2004, Gurnani and Tang 1999, Ha 2001).
When designing contracts, it is essential that the
wholesaler accounts for this uncertainty about the
retailer’s costs.

We propose the mechanism of an advance pur-
chase discount scheme that accommodates these
considerations. We assume that the retailer incurs
an information acquisition cost to obtain private
demand information that is available to her, and
that this cost is unobservable to the wholesaler.
We characterize the retailer’s optimal strategy as a
“minimal acceptable discount” policy; thus she
acquires private demand information only if the
wholesaler’s offered discount is no less than her
threshold value. In light of that threshold, we then
provide the optimal discount for the wholesaler.
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We find that the size of the optimal discount
(from the wholesaler’s standpoint) cannot solely be
determined by the mean of the unknown cost nor
that cost’s first-order stochastic dominance. In par-
ticular, our analysis focuses on how the degree of
uncertainty affects the wholesaler’s optimal offered
discount. We discover that, when uncertainty in
the unobserved cost is low (resp., high), he should
offer a deeper (resp., shallower) discount than in
the case of full observability.

An important finding of this research is that a con-
tract whose design ignores the retailer’s information
acquisition cost and the wholesaler’s uncertainty
about it is likely to yield less benefit to supply chain
agents. This may explain the limited use of APD con-
tracts in practice despite their demonstrated poten-
tial advantages. A wholesaler who does not account
for the retailer’s information acquisition cost would
offer a relatively small discount, one that would be
insufficient to induce her to acquire demand infor-
mation. Moreover, if uncertainty about the cost is
ignored, then the offered discount will likely be
either too low or unnecessarily high. We argue that
failing to accommodate either (a fortiori both) of these
practical concerns will compromise the implementa-
tion of the APD scheme and thus constrain its use in
practice.

Finally, we provide a numerical example to illus-
trate the implementation of the APD and to estimate
its benefits for the wholesaler, the retailer, and the
supply chain.

The APD proposal described here has several limi-
tations. Designing a truly optimal APD contract
would require estimation of retailer parameters to a
degree of precision that is not practically feasible. Our
analysis with limited knowledge about retailer cost
addresses these concerns to some extent; however,
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a viable implementation of any APD scheme
would require—in addition to precise cost account-
ing systems—that the wholesaler have extensive
archival data on his own (and the retailer’s) fore-
casting ability in order to accurately measure the
benefit of offshore production. These conditions
are not likely to be satisfied by many wholesalers.
Alternatively, we can extend our current model to
include uncertainty for other parameters of the
retailer and the wholesaler, e.g., the retailer’s sig-
nal precision. Note also that the scheme’s benefits
are highly sensitive to the extent of the offered
discount, yet computing and administering that
discount requires managerial skills that may not
be available to small organizations. Moreover,
practical constraints arising from industry practice
and long-held relationships with supply chain
partners could well prevent a wholesaler from
implementing the optimal APD contract, which in
turn would significantly reduce the accrued bene-
fit. Finally, the proposed scheme is geared to a
supply chain consisting of one upstream whole-
saler and one downstream retailer. Yet wholesalers
(such as Costume Gallery, Xiaomi, etc.) almost
always deal with multiple retailers. In that case, a
single discount will not adequately distinguish
among retailers with varied costs, but since this
private cost information is not associated with any
retailer actions that are observable, offering a
menu of contracts is precluded. Although our
APD scheme would not work perfectly in that
case, there is little doubt that it would still
improve the outcomes for all supply chain agents
when compared with either the wholesale price
contracts or with the traditional APD schemes that
have been suggested in the literature.
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Appendix A. Proofs of the Main Results

ProoF oF LEmma 1. Denote D' = D|Y. Let F()
denote the cdf of the corresponding posterior distri-
bution defined in section 4.1 and let Fy(-) denote the
corresponding prior distribution. We adopt this
notation for all the proofs unless mentioned other-
wise. Without obtaining private information, for a
given discount 6, if the retailer participates in the
APD scheme, her profit function is =7 = pD — (1 —

d)wg — w(D — q)*; otherwise, it becomes my = (p —
w)D. In the first case, the retailer’s objective function
has a typical newsvendor solution: qrg = pg + 0025
and corresponding profit Epm = (p — (1 — o)w)u
—w¢(z5)00, where zs = ®1(5). Note that
Epm > Epmy = (p — w)py, that is, the retailer is
always better off participating in the APD scheme.’
On the other hand, if the retailer acquires informa-
tion, given the her participation, her objective func-
tion becomes 7 = pD’ — (1 — )wg — w(D' — q)*
—k, which again has a typical newsvendor solution:
gr = # + 0z; and corresponding expected profit
EyEpn = (p — (1 — d)w)yy — wep(zs)o — k. The dif-
ference between the two expected profits (acquiring
and not acquiring information), assuming the retai-
ler’s participation, is w¢(zs)(oo — o) — k, increasing
in 6 when z; <0 (e, 0 < %) and decreasing in o
otherwise. The retailer acquires information if and
only if w¢(zs)(69p — a) — k > 0. Hence there exist
two critical discounts 0 < J < % <0 <1 such that
the retailer only acquires information when J <
5 <o O

ProorF OF LEmma 2. Given ¢ and that the retailer
acquires information, the wholesaler’s profit has a
typical newsvendor solution with optimal order
quantity gqw = u + oz, and corresponding expected
profit  Enw = ((1 — d)w — (1 — p)o)py + w(zs)o
—c¢(z,)o for the retailer's corresponding order
quantity gr = u + 0z5, where z, = ®'(y) and
zs = ®1(5). On the other hand, the wholesaler’s
expected profit when APD is not offered is
Enwo = (w — (1 — y)c)ug — c¢(z,)ao. The difference
between the two expected profits is Enw — Enwo =
—O(z5)wyy + wd(zs)o  +cp(z,)(oo — o). This con-
cludes the proof. O

Proor oF ProrosiTioN 1. Define k* = w¢(zs ) (o0 — 0),
where w¢(z;5)(690 — ) = k defines a one-to-one rel-
ationship between & and k, for 0<é <1 and
k < min(w¢(0)(69 — o), cd(z,)(g0 — 0)). Because of
this one-to-one mapping, the problem can be equiva-
lently cast in terms of k to make finding a solution
mathematically simpler. If k* <k then the retailer
would participate without acquiring private infor-
mation; her resulting order quantity is depicted in
Lemma 1 and her resulting benefit from participating
in the APD scheme becomes Epng — (p — w)
to = wP(zsy ) g — W (Zs(k+))00. On the other hand,
if k* > k, then the retailer participates in the APD
scheme and acquires information; her resulting
order quantity is depicted in Lemma 1 and her
resulting benefit from participating in the APD
scheme becomes [EyEpnr — (p — w)puy = wd(z50))
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ty — wP(zs(4+))o — k. The benefits for the wholesaler
and the supply chain can be derived in the same
fashion. O

Proor oF Prorosimion 2. We seek the optimal discount
when the wholesaler offers the APD scheme. Let k =
c¢(z;)(60 — o). In response to an offer of discount 9,
the retailer acquires information if and only if her
benefit from acquiring information is higher than that
from not (.e., iff w¢p(zs)(op —a) > k). The whole-
saler’s expected benefit becomes ExAw () = (— D(z5)
wiy + w(25)0 + k)G(wd(25)(a0 — ) + (—(z5)wpo+
w(25)00) - G(we(z) (00 — 7). Define I = we(z5) (o0 —
o) > 0, which increases in 0 when 0 < 0.5 and
vice versa. Then the wholesaler’s expected benefit
becomes ExAw(o(l)) = wao¢(25) — wpy®(zs) + (k — 1)
G(l) = 722 — wig®(d ' (i) + (k — 1) G(I). Since
waod(zs) — wiy®P(z5) decreases in J, for any given
[, the wholesaler is always better off with the smaller
discount of the two. Hence from now on we consider
only 6 <0.5. Note that here I <k is a necessary
but not sufficient condition to make the wholesaler
have a non-negative expected benefit since wag¢p
(z5) — wuy®(zs) < 0. The derivative of ExAw(d(1))
with respect to I becomes W =m(l) — H(I),

Ho/$~ (ug =) T 00 —

+ nd H(l) = G(I) = (k-

Dg(l). We therefore denote the first-order condition as

%_ 1) =-mk).  (AD)

where m(l) =

G(k) (

We next discuss the properties of m(l) and H(I) sep-
arately and how they interact with each other to
form the first-order condition. To ensure a positive
quantity, py and oo are such that py + z5y00 > 0,

Ho + 2500 -
z@ oo () is negative for the inter

ested range (6 < 2 and hence zs < 0); furthermore,

and hence m(l) =

m(l) decreases in I, concave for z;; < —+/3 and
convex otherwise; in addition, m(0) > 0. On the

other hand, 'ﬂ;—l(l) =gh2 - (k-1 %) and for dis-
g

tributions whose pdfs are log-concave, o) is non-

increasing, which makes 2 — (I_c — l)é&
in ; hence 2 — (k — l)
and H(/) is either uni- modal (first decreasing and

then increasing in I) or always increasing in [; in
particular, when [ is less than the mode, H(/) is con-

increasing

crosses zero at most once

vex in [; furthermore, since as g'(I) <0, EH;—IU) is posi-
tive for sure, the mode of g(I) is larger than that of
H(]); in addition, H(0) < 0. From the above proper-
ties, we see that m(l) and H(I) cross at most three

times, two of them when H(l) decreases in [ and
one of them when H(l) increases in [. The number
of times m(l) and H(I) cross depends on the distri-
bution specification and other parameters, and can
be either once or three times. Then let ExAw(d(1))
reaches the potential local maximum, minimum,
and maximum at I, lp, and I, respectively, where
I, lo, b = {IIm(I)— H(l) = 0}. The maximum
occurs when m/(I) — H'(I) <O0; in particular, when
H'(I) > 0 or when H'(I) < 0 but the slope of m(l) is
steeper than that of H(l), hence the three solutions
to the first-order condition should be in the order of
a maximum, minimum, and a maximum as I
increases; consequently, let 1 <y <l,. Therefore,
when there is only one solution to the first-order
condition m(l) — H(I) = 0, it is either [; or I, and k*
should equal that value; when there are three solu-
tions to the first-order condition, we would take the
smallest and the largest of these three solutions,
that is, we take /; and I, and then k* = argmax{E
Aw(6(h)), ExAw(6(12))}-

Denote by ko, i =1, 2, the solution of Equation
(A1) for the distribution with pdf g;(k) and cdf
Gi(k). Define I; and I, as any solution to the first-
order condition m(l) — Hi(I) = 0 and m(l) — Hx(I)
= 0 respectively, where H;(I) = Gi(I) — (k — I)gi(l),
i=12 gk -1 —G() <gk -1 — G(I)

corresponds to Hi(I) > Hy(I), hence we have

0= m(l1)
= O’

— H; (l]) <m(l1) — Hg(l1) > m(lz) — Hz(lz)

where the two equalities are by definition of /; and
l>. The first inequality comes from the assumption
that for a given I, Hi(I) < Hx(I), and the second has
to hold since otherwise we would have 0 < 0. From
the second inequality, since m(l) — H(I) decreases in
I (due to concavity), we therefore see that I, > I
and consequently, the corresponding k; > ki and
8(0k3) > o(K}). 0

PROOF OoF ProrositioNn 3. Observe that g(kju,s) =
. g ( ) From Equation (A1), we have

kK —u 1 - K —u

m(k%) = Go(———) + £ (k= K")go( ) =0. (A2)
Define sy = %. We will show that k* > u

when s < sy and otherwise when s > sy: (i) when
s <sp, we assume the opposite, letting k* <u,
then £ <0 and given that m(l) — H(]) decrea-
ses in [, from Equation (A2) we see that 0 =
m(k') +1 (k= k")go(E4) — Go (-5 > m(u) + 1 (k — u)
80(0) — Go(0) > m(u) + & (k — u)go(0) — Go(0) = O,
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a contradiction; (i) when s > sy, we let k* > u
instead, then kS;” > 0 and given that m(l) — H(])
decreases in [, from Equation (A2) we see that
0 = m(k*) + Lk — k)goo) — Go(E=%) < m(u) +

Lk — u)g0(0) — Go(0) < m(u) + L (k — u)g0(0) — Go(0)
= 0, another contradiction. Then we prove (i). We
look at the first-order condition where —H(I)
decreases in [. First of all, we show that when
s > sg, k* decreases in s. Since k* < u when s > s,
E—-t increases in s, which makes 1 (k — k*)go(-*=%) —
Go(X=) decreasing in s. To balance the equality of
Equation (A2), k* has to decrease. Hence, when
s > sy, k* decreases in s. Next, we observe that when
s =0 or when s = sy, k* = u. Hence when s < sg, k*
should be first increasing and then decreasing in s
at least once. We define k| and k; the two solutions
to the first-order condition where H(I) decreases and
increases in [ respectively; in particular k| < u.
When s = 0, the wholesaler knows the retailer’s cost
for sure and hence k* = k; = u, that is, the expected
benefit for the wholesaler is higher at k; than at k.
We write the difference of the two expected benefits
as [EkAw((S(kQ) — ExAw(0(ky)) = n(ky) — n(kl)_—i— (k—
ki) G(ky) — (k = k)G(k) = n(k) — n(k)) + (k — ky)
GEZY) — (k — k)G, where n(l) = wood(zs)) —
wpy®(z5)); when s = 0, such difference is positive.
By (i), k; first increases in s from k; = u, hence

. ki —
ki > u whereas k| < u; as s increases, ~— decreases

whereas @ increases, which shortens the differ-
ence between the two expected benefits and eventu-
ally might switch the sign such that k* = k| <u. O

Proor oF CororLary 1. The corollary follows from
the benefits listed in Proposition 1—namely,
k*(u,s) >u when s<sy and k*(u,s) <u when
s > Sp. O

Note

'Note that under normal distribution this holds when the
demand is non-negative, which can be more or less
ensured when the coefficient of variation Z—g is relatively

small, eg., % < 1 (Gallego 1995, Li and Zhang 2008).
Importantly, this can be shown for a general demand dis-
tribution. We have that Epnm = pyy — (1 — d)wg—
wf;O(D — q)dF and Epmy = (p — w)yy. The newsvendor
solution is now derived from F(qrg) = 1 — 6. Then the
difference between the two profits becomes [EDrz\qR0 -
Epmo =—(1 — §)wq + w [ DAF + wqﬁ(q”m:w( 99 DAF > 0.

Note that this inequality is binding when ggp = 0.
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